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EQUILIBRIA AND QUASI-EQUILIBRIA FOR INFINITE COLLECTIONS
OF INTERACTING FLEMING-VIOT PROCESSES

DONALD A. DAWSON, ANDREAS GREVEN, AND JEAN VAILLANCOURT

ABSTRACT. In this paper of infinite systems of interacting measure-valued dif-
fusions each with state space ([0, 1]), the set of probability measures on
[0, 1], is constructed and analysed (Fleming-Viot systems). These systems arise
as diffusion limits of population genetics models with infinitely many possible
types of individuals (labelled by [0, 1]), spatially distributed over a countable
collection of sites and evolving as follows. Individuals can migrate between
sites and after an exponential waiting time a colony replaces its population by a
new generation where the types are assigned by resampling from the empirical
distribution of types at this site.

It is proved that, depending on recurrence versus transience properties of the
migration mechanism, the system either clusters as ¢ — oo, that is, converges
in distribution to a law concentrated on the states in which all components are
equal to some J,, u € [0, 1], or the system approaches a nontrivial equi-
librium state. The properties of the equilibrium states, respectively the cluster
formation, are studied by letting a parameter in the migration mechanism tend
to infinity and explicitly identifying the limiting dynamics in a sequence of dif-
ferent space-time scales. These limiting dynamics have stationary states which
are quasi-equiiibria of the original system, that is, change only in longer time
scales. Properties of these quasi-equilibria are derived and related to the global
equilibrium process for large N . Finally we establish that the Fleming-Viot
systems are the unique dynamics which remain invariant under the associated
space-time renormalization procedure.

0. INTRODUCTION

(a) Background and meotivation. In the present paper, we construct a system
consisting of countably many interacting Fleming-Viot processes. Each compo-
nent takes values in the space of probability measures on a compact space, say
[0, 1]. This model arises as the diffusion limit of the following model from
population genetics. The population is spatially distributed among a collection
of colonies in which there are individuals of various genetic types and these
types are labelled via values in [0, 1]. The types of individuals in the next
generation in each colony are obtained by sampling according to the empiri-
cal frequency of current types within the colony. In addition individuals can
miigrate between colonies.
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Depending on the strength of the migration relative to the resampling, the
system either clusters, that is, regions consisting of colonies of a single type grow
unboundedly, or an equilibrium exists (stability), which preserves the initial
spatial frequency of types even in the limit ¢ — oo . It is this longterm behavior
that we want to understand better and to analyse in more detail. There are
two main guiding ideas behind our approach: multiple space-time analysis and
renormalization. We now explain these two viewpoints.

(i) In general it is difficult to completely describe the space-time structure of
interacting systems in equilibrium when the components are dependent. Previ-
ously, attempts have been made to get around this by averaging over components
to obtain limiting Gaussian fields which are easier to describe. We shall take a
different approach in this paper. It turns out that the system displays the fea-
ture that after long time spans a sequence of states occur which when viewed
locally remain almost stationary over long periods of time and which are easier
to describe since they are determined by simple macroscopic variables (block
averages). The later we look at the system the more closely the corresponding
quasi-stationary system resembles the real equilibrium space-time process.

We construct the quasi-equilibria by considering a sequence of space and
time scales (multiple space-time scale analysis). This way we obtain a sequence
of renormalized systems. After taking a limit of a parameter tending to in-
finity we obtain a sequence of limiting dynamics whose equilibria generate a
sequence of distributions of components which we call the interaction chain.
We read off many qualitative properties of the system from this object since
it also gives a sufficiently precise description of the space-time structure of the
equilibrium process. The interaction chain contains the essence of the space-
time dependence structure of the system in equilibrium and therefore we view
it as a central object in the study of interacting systems. (Compare Dawson and
Grevan (1933b), Dawson and Greven (1993c) for applications of these ideas
to interacting diffusions.) The quasi-equilibria can be described explicitly as
equilibria for independent Fleming-Viot processes with immigration evolving in
a random medium which provides the sources of immigration. As mentioned
already, in order to carry out the above program, we consider a /imit of a
sequence of systems of countably many Fleming-Viot processes, in which the
range of migration increases unboundedly; we refer to this as the mean-field
limit even though all systems considered will have infinitely many components.

The multiple space-time scale analysis also allows us to study via the in-
teraction chain some typical features of this system with infinite-dimensional
components. In particular in the stable case we can make precise statements
about the spatial density of a specific type observed in a certain colony and
about the number of distinct types per volume which make up a significant part
of the population in a large volume. In the case of clustering we find that the
sizes of the monotype regions grow at different scales, which we also determine.

(ii) Next we turn to the renormalization viewpoint which is another impor-
tant feature related to the multiple space-time scale analysis. Many qualitative
properties of evolutions involving linearly interacting components are shared
by an entire class of evolutions which is called a universality class. In order to
explain this phenomenon we view the multiple space-time scale analysis as a
renormalization procedure. We form averages over blocks (space-scaling) and
change the time scale. This gives a new interacting system. The procedure is re-
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peated and then we take the limiting case in which the range of migration tends
to infinity. This yields a sequence of evolutions each belonging to a particular
block average and time scale. If we start with Fleming-Viot systems, all elements
of the sequence are also processes of that type. We prove that this property is
characteristic for Fleming-Viot systems. We cannot yet prove that other dynam-
ics lead to a sequence converging to the same fixed point in sufficiently strong
topologies which would demonstrate the universality of all qualitative proper-
ties of the behavior for large times. However we do get partial results and for
the simpler case of a two type system such an analysis has been carried out
completely (Dawson and Greven (1993c), Baillon et al. (1994)). It is this per-
spective that motivates us to use methods of proof for the multiple space-time
scale analysis which can be easily adapted to more general processes—we avoid
using the special features of the Fleming-Viot process.

Let us outline the rest of this chapter. We continue in subsection (b) to
construct the model (Theorem 0.0), in (c) we study the behavior as ¢t — oo
(Theorem 0.1), in section (d) we introduce the multiple space-time scale anal-
ysis (Theorems 0.2, 0.3) which we extend in (e) to construct quasi-equilibria
and finally in (f)-(h) we study the qualitative properties of the quasi-equilibria
via the interaction chain (Theorems 0.5-0.10). In subsection (i) we discuss
extensions and open problems.

(b) The model. We consider an interacting system with a countable number
of components (subpopulations at spatially distributed sites), where the com-
ponents shall take values in ([0, 1]), the space of probability measures on
[0, 1]. Thus the state space of our process is Z([0, 1])! with I a countable
set. Such processes arise as diffusion limits of discrete time genetic models
with a continuum (namely [0, 1]) of possible types and evolution driven by
resampling within colonies (components) and migration between components
(cf. Ethier and Kurtz (1986, Chapter 10) for an introduction to diffusion lim-
its of genetic models and Vaillancourt (1990) for the diffusion limit of genetic
models with migration). We introduce in (i)-(iv) below the ingredients needed
for a formal definition of the model.

(i) There are two natural candidates for the index set I for the components
of our interacting systems: one is Z”" and the other is the so-called hierarchical
group Qy (where N is a fixed parameter), which is defined as follows:

(0.1)
Qy={IE=(1,¢&,...), & €N, 0<SE SN -1, 3k with §; =0 V) > ko}.

We view Qpy as an abelian group by defining addition as the componentwise
addition of natural numbers modulo N . For &, & € Qu define the hierarchical
distance

02)  d(E,&):=inflk—1|&;=¢& Vj>k), whereke{l,2,...}.

The element & = (&, &, ...) represents the & -individual in the &;-family
of the &;-clan in the &4-village.... In the genetics context this hierarchical
structure is more natural than the structure of Z" with the euclidean notion of
distance. Note that each Qx can be viewed as a subset of Qu; for M > N
and Q. =, Qu C (N)V.

(ii) In order to describe the interaction (migration) between the components
we use a random walk transition kernel on I (= Z" or Qy) denoted by a(-, ),
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with the property
a¢,¢)elo,1], a(,¢)=a(0,¢-¢),

(0.3) Ya0,8=1, 3@(0,8)+a"E, 0)>0 V.
: |

n=0

(ii1) We shall define a Markov process X = (X (#));>0 (the Fleming-Viot pro-
cess with interacting components) on the state space (endowed with the product

topqlogy)
(0.4) E = (Z([0, 1]))

via a martingale problem. We introduce the following notation: an element
of E is written x = (xg)ee; With x; € ([0, 1]) and variables in [0, 1] are
denoted by u, v. The collection of continuous functions from [0, 7] into E
is denoted by C([0, T], E), (pathspace).

(iv) In order to define the generator L of X we introduce three objects: the
algebra &/ of functions F on E which are linear combinations of functions
of the form

(0.5)

1 1
FO) = [ [ e tmxen(dn) - om(dm), £ € €O, P,
where (£(i))i=1,..,m is any finite collection of elements in /. This includes, for

example, functions of the form

m o
= H/ u®ixyiy(du), a; €N.
i=1 70

Giving E(F) for all F € &/ determines uniquely a law on (Z([0, 1])). We
define the diffusion coefficient, Qx,(-, -), to be the signed measure on [0, 1] x
[0, 1] given by

(0.6) Ox,(du, dv) = xg(du)dé,(dv) - x%(du)xf(dv).

For elements in &/ we define partial derivatives as follows:
OF(x), .. 1 e _

(0.7) 5 (W) = lim S(F((E, ) = F ()

with

£ . xf ’ lf é, # é s
(e, e == { X +86,()  if& =&
Definition. For every F € &/ define

_ N[ (2F®)
LR =Yae. &) [ (%8

E'el
0 F(x) )
> U du, dv).
tel /10 Il/[0 1] (ax@x{ ) ng( )

(0.8) cel
The first term is the migration term and the second is the resampling term.
Consider the cases I = Qun or I =Z". Then we have the following.

u ) (xe (du) — xe(du))
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Theorem 0.0 (Existence, Uniqueness, Path properties).

(a) For every initial distribution u on (2([0, 1]))! the martingale problem
for (L, u) is well posed in P(C([0, o0); (P([0, 1]))!)). The resulting process
is denoted (X(t));>0 (system of interacting Fleming-Viot processes on I).

(b) This process is Markov and Feller.

(c) The values of X(t) for t > 0 are in the set of atomic measures; in fact,
(X(1)>0 € C((0, 0), (Z([0, 1)) a.s. where P, are the atomic probability
measures on [0, 1]. O

Remark. In other words, according to (a) there exists a unique distribution on
P(C([0, 00); (P([0, 1]))!)) such that for the canonical process (X;);>0, the
following holds: .#(X(0)) = u, and

t
(0.9) (F(X,) - / (LF)(Xs)ds> is a martingale for every F € &/ .
0 >0

(c) The long term behavior of the process. The behavior of the process
(X(#)):>0 is analogous to the case of one-dimensional components, that is, a
system of interacting Fisher-Wright diffusions describing the frequencies of two
types (compare (0.56)). For ¢ — oo the qualitative properties depend solely on
the migration mechanism, that is, on the kernel a(-, ) on the group 7.

Before we state the theorem we introduce the following objects (i)-(iv):

(i) The appropriate class of initial distributions u is the following:

(0.10) T ={ue P20, 1))|(e) and (B) hold}

where

(a) p is a homogeneous measure, that is, invariant under the map (xg)zes ki
(X¢+c)¢€] forall {eTI.

(B) u is ergodic (the o-field of events invariant under all maps Ty, { €1,
is trivial under u).
We shall also denote the set of homogeneous measures on (£([0, 1]))!, that
is, satisfying (a), by J .

(ii) For every measure u € J we can introduce the mean measure 0(u) €
Z([0, 1]) (abbreviated often simply by @ in the sequel), by the defining rela-
tion:

(0.11) (0(n), f)=E*xe, ) Vf € Lx([O0, 1]).
This allows us to decompose the class .7 into disjoint subclasses 75 , where
(0.12) T ={ne€T6(n) = 0}.

(iii) The set _# denotes the set of all equilibrium states, that is,
(e f,Z(X(0)=u) = (LX) =pn,vt>0).

The extremal elements of a convex set K are denoted by K, .
(iv) Finally we need the following symmetric homogeneous kernel on 7 x /
describing the distance process of two particles moving as a(-, -)-random walks:

(0.13) a(¢, 0) = 3(a(€, ) +a(C, &).

Then there are two cases, namely, & recurrent and a transient, correspond-
ing to whether Y 1°a" = 0o or < oo.
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Theorem 0.1 (a) (invariant measures).
Case 1. a is transient.
(0.14) For every 0 € ([0, 1]) the limit vy of L (X(t)|X(0) = 67)
exists for t — oo and satisfies

—~

v €(FNT)e, (0,f)=E"(xg, )VE€I;
vy is ergodic, in particular

EY((xe, Nxg, ) = (0, ) Vfe L0, 1]).

d¢,{)—oo
Furthermore
(0.15) (F NT)e = {Vo}oeso, 1)-
Case 2. a is recurrent.
(0.16) (F N T )e = {85,y hueto, 11

(b) (long term behavior)
For every initial measure u € Jy the following dichotomy holds -

(0.17) a transient: £ (X (t)) = Ve
(0.18) a recurrent: £ (X(t)) = 05, 0(du). O
% Jo,1]

In the first case we have a situation in which the system allows for the local
coexistence of types, while in the second case we see locally one type prevailing,
as long as ¢ becomes large. In the first case the system is called stable and in
the second case we say that the system clusters. We shall now apply this result
to the case where I = Z" , respectively I = Qy .

Corollary 0.1. Suppose that I = Z" and a(-, -) satisfies > a(0, E)E]? < .

Then for
n =1, 2 the system clusters,

n > 3 the system is stable. O

A mean-field random walk on Qp can be written in the form
(0.19) a0, &) =Z/3,-N‘j for d(0, &) = k.
Jj2k
Here B, denotes the probability to jump to an element at a distance of at most
k and the number of elements & with d(0, &) < k is N¥. We can also write
this in the form
(0.20) a(0,&) = (¢j-iN"U")N™J ford(0,8) =k, k>1,
>k
with (cx)ken as canonical parameters and by assumption the total jump rate
Zk Ck /Nk < 0.

Remark. We will show in Corollary 0.2 that the qualitative behavior of the
system depends on the sequence ¢, but provided that limy_., ¢/Cx < N it
does not depend on N . Since we are primarily interested in the behavior of
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the systems for large N it would suffice to assume that Y, ¢, /N§ < oo for
some positive integer N .
Introduce

o0 o0
(0.21) Cn=Y_ &N~*=m with & =Y N72k=m,

k=m k=m

Corollary 0.2. Suppose that I = Qy and a(-, -) is defined via (c;)ken as in
(0.20). Then for

(0.22) > Cp' = oo the system clusters,
m

(0.23) > C,' < oo the system is stable.
m

¢! < oo implies that C;! < 0o. Moreover, if limy_,o, /¢ < N, then
m “k k ~k
S Cl < oo, =00 is equivalent to ¥ ¢! <00, =00. O

(d) The multiple space-time scale behavior. In the sequel we shall only consider
the case where I = Qp . Since we shall vary N later on, from now on we write

(0.24) (XN ()20

for a system of interacting Fleming-Viot processes on Qy . As initial distribu-
tion we choose a measure which is the restriction to ([0, 1])** of a product
measure 4 in J; on ([0, 1])%= . We denote this measure by u as well. This
special choice is merely to simplify the notation and to avoid the introduction
of sequences of initial measures.

In Theorem 0.1 we gave a qualitative description of the long term behav-
ior of our system. However relatively little has been said about the process
with marginal vy appearing there as equilibria in the stable case, or about the
formation of clusters in the case of clustering. One observes however that for
sufficiently large N the system, when observed in a whole sequence of com-
bined fast and slow time scales (that means here at times of the form: sN +1¢,
SN%2 +1¢t, sN3+t,... with ¢ varying, but small compared to N), will look
almost stationary. Since the interaction is still local, these almost stationary
states will be much easier to describe, compared to the stationary process (for
fixed values of N). Here ¢ is the microscopic (slow) and s the macroscopic
(fast) time scale; it is in the latter that we see changes in the quasi-equilibria.
Here we should understand what happens between times sN, sN2, ... . For
this purpose we introduce a rescaling of space by forming block averages over
blocks of N, N2, N3, ... components.

In order to make this analysis rigorous, we consider the limit N — oo,
so that the various time scales s, sN2, sN3, ... and block sizes N, N2, ...
all separate, that is, become incomparable, and we can precisely describe the
phenomenon of quasi-stationary states via appropriate limit theorems.

In order to carry out this program, we shall need the following ingredients of
multiple space-time scale analysis: for k=1,2,3, ...,

(i) Time scales Bi(N) = N .
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(i) Block averages on level k (space-scaling):

Xe k =N_k Z X and X, 0 = Xg, VCGQN.
& :dg,¢<k

(ili) The quasi-equilibrium TX(-) on the kth level, the kth level associated
measure-valued diffusion on ([0, 1]) denoted by (Z,o’k),zo and the
kth level fluctuation constant dj :

—d, , the diffusion constants are defined for a given sequence
(ckdken via diyy = dicr/(cx +di), do=1. B
-T%(-) € P(L([0, 1])) is the unique equilibrium state of Z¢-%.
—(Z,e’k) is a Fleming-Viot process with immigration from a
source 6 € Z([0, 1]) and with initial state Zg”‘. The associ-
ated equilibrium process is denoted (Z,o‘k),em . Formally (Z,e’k )
is the solution of the well-posed (see Lemma 2.1 in section 2)
martingale problem (Lg 4, dg) on C([0, c0), ([0, 1])), where
Ly i is defined on an algebra % of functions on ([0, 1]) as
follows: for G € &

Lo i6)D) = e [ G (o) - z(aw)

+d / / %G\ v)0.(du, dv)
k [0’11 [0’” azaz > z s
with Q,(du, dv) = z(du)d,(dv) — z(du)z(dv) and Z is the
algebra generated by functions G from ([0, 1]) to R of the
form

G(z) = f[‘/IO’llfi(u,-)z(du,') for € C(0, 1)), i=1,...,m.

(iv) The level k-marginals of the interaction chain at level j (j > k):

u{,"k is a measure on ([0, 1]) defined by

u{,‘v"(d@):/ / T)(d0)T5 " (d0;_1) - T (d6y).
2([0,1)) 2([0, 1)) !

Notation. We shall denote by # the function R* — ([0, 1]) which is
identically equal to 6. We denote by = weak convergence in path space
D([0, ), ([0, 1]) or C([0, ), ([0, 1])) and we denote the associated
canonical process by (X(¢))ier+ -

We are now ready to formulate our result on the multiple space-time scale
behavior of the process XV(t) = (x‘,lV (Deecqy) - We shall first focus on block
averages around a single component £. The discussion of the behavior of a
spatial collection of averages is deferred to Theorem 0.4 in the next subsection.

Theorem 0.2 (Multiple space-time scale behavior). For k, j € N we have the
Jfollowing behavior for every £ € Q., and for ue Jy:
Case 1. k> j L (Bi(Ner) = &,
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Case2 k=) L(f (tBNDher) = L(Z] ew),
Case 3. k < j Z(XF (Bi(N) + th(N)ers) = ZL(Z]  Yier),
6* and the evolution of the processes are independent, and

,‘?(0*)=/u{;"’kP(Zse’fedp). o

Remark. In Case 3, if we let s — oo, s = 0(N), then we get the simple formula
_(‘/(0*) j k .

Remark. This shows that in time scale f;(N) large blocks {£ : d(¢, 0) < k}
with k > j display an empirical distribution 6 of types which for N — oo
equals the original distribution of types in the thermodynamic limit. On the
other hand blocks of moderate or small size £k = j, k < j, viewed after times of
order B;(N) already display in the time scale f;(N) an empirical distribution
which is random and fluctuates like a Fleming-Viot process with immigration
distribution of types described by 6, respectively 6*. For small k, that is,
k < j, the process has already relaxed into equilibrium.

Remark. The point of the theorem is to combine two ideas: first to consider
slow and fast time scales together (sf;(N) + ¢tBx(N)) and second to look at a
whole sequence of such pairs of time scales combined with a suitable sequence
of rescalings of space.

The very nice thing about Theorem 0.2 is that we can now quite explicitly
determine the ingredients which define the limiting dynamics. The crucial object
is the measure, l"’(;(-) , in P(L([0, 1])) which can be represented using the
following ingredients:

(1) let (U,-),GN be an i.i.d. sequence with marginal distribution 6 € Z([0, 1]),

(ii) let (V*);en be an i.i.d. sequence with marginal Beta(l, Y 1) where y, =
di/ck

(iii) construct (Uj)ien, (V{*)ien as independent processes.

Theorem 0.3 (Identification and continuity of 1“’,;) .

(0.25a) rs=< (Z{ kﬁ }5(;, ));

i=1

(0.25b) the mapping 6 — r’,; is continuous. 0O

Remark. This means that the measure 1“’5 is the law of a random measure,
which is atomic. The positions of the atoms are given by the sequence (U;),
where the law 6 enters. The weights are chosen independently of the positions
and according to the sequence (V¥ [[jZ{(1 — ¥¥))een, where the parameters
(ck) and (dy) of the evolution enter. The law of the sequence of weights is
called the GEM(y; ') distribution.

(e) Description of the quasi-equilibria. This subsection completes the multiple
space-time scale analysis. In the previous section we have studied the block
average behavior around a single site of the process (X" (¢)),>o in various time
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scales. Our original objective went further: we wanted to determine the quasi-
equilibria which the whole system (X7 (¢)),>0 displays. This means we want to
consider slow and fast time scales and to see whether for each k&

(0.26) (XM(sB(N) +D)iz0 = (XE5(D)ix0

and whether it is possible to identify this limit evolution, (Xg°.(#))>0 for the
various time scales B; and values of s > 0. The limit s — co gives a process
(X°(2))r>0 - The identification of these limit dynamics is the purpose of this
section (see Theorem 0.4 below).

The evolution (X7°(¢));>0 Wwill turn out to be a process on (£([0, 1))
which can be viewed as evolution in a random medium. We describe the process
in three steps (i)-(iii). First in (i) we describe the evolution mechanism given
a random field (the random medium): the latter is constructed formally in (ii)
and is of the form

(0.27) (6)¢eq.., with values in ([0, 1]),

and has the structure of a Markov random field on a tree.
Finally we construct the initial state in (iii).
(i) The dynamics for the given random field: Conditioned on the random field

in (0.27) the evolution of the components of X ,((°‘;) are independent Fleming-

Viot processes with immigration 02,") in equilibrium. This means that the
law of (X°,(¢))r>0 is a Fleming-Viot system in a random environment, the

environment being the field (Oék))éegw of sources of immigration. The law of
this field is s-dependent, but in a mild way and for this reason we suppress this
in the notation.

Formally the evolution is defined as follows. For given random medium

(Gék))fegm the components evolve independently and the evolution of a single
component is defined as the solution of the martingale problem (Le(k) , 4) on
4

P(C([0, o) : ([0, 1]))) with

Ly =G /[0 ) 06Lz) ><0§ (du) - z(dw))

0z

(0.28)
' 2G(z)

where
Q(du, dv) = z(du)d,(dv) — z(du)z(dv),

1 1 .
G<z>=/0 /0 flur, oo un)z(duy) - 2(dun), £ e C(10, 117,

and

p= Q) uy with u; = l*;m
{€Qu

(ii) Construction of the random field. Next we have to specify the law of
the random field (02"))56900 . The components of this field will be dependent
reflecting the interaction of the original system X7 (¢) before we take the limit



INTERACTING FLEMING-VIOT PROCESSES 2287

N — oo. In particular the range of dependence will grow with the index k&
since in larger time scales interactions over longer stretches have been built up
in the original system. We obtain a sequence of inhomogeneous Markov random
fields on a tree giving the distribution of the field. It is only the initial state at
the root of the tree which will depend on s.

Here is the formal construction: Introduce

(0.30) . QY = (£ € Qult) = =& =0}
Then we can write
(0.31) Qoo = Q)N

Q¥

We shall see that the dependence in time scale f; in the limit N — co will
extend only over hierarchical distance k. Define therefore

(0.32) Z(0F)eean) = [[ L (Be)cen)-
ok
In order to specify -£’((6¢)scn) We use the following construction: Let 6 (ini-
tial element) be an element of ([0, 1]) to be specified later. Then
(6")ien are i.id. T5~' distributed,
(6")ien, jen : L(6-I[{6™ " for (m, n) # (i, j)}; 6™, for m e N) =T57%(:).

In particular, conditioned on 6, (6%:/)jcy are i.i.d. Similarly we define

random variables @'~ i; €N for je {l,..., ¢}, using the kernel defined
by I'k~¢. Next we define our random field. For & = (&, ..., &) € N* simply
set

(0.33) 6{) = %4 (note reversed order, see (0.1), (0.2)).

So far we have not specified the initial state  of the Markov random field on the
tree N*. Since we are interested in the time scale Bx(N) where x; i (sBk(N))
has as limiting dynamlcs (Zs Zk 0) according to Theorem 0.2, the suitable thing
is to randomise 6 according to the law of ZX*? (independent of the rest); i.e.
(0.34) Z(0) = Z(Zk%).

The construction means that the dependence structure building up over times
of order N* is captured via a Markov field on the tree induced by N* (each

node splits into N nodes on the next level) and with the transition kernel K;
at a node of level j (counted from the bottom to the top) given by

K;(6,de") =T (de).

(iii) The initial state of the evolution. Given the random field the evolution
in each component starts in its unique equilibrium state. Hence integrating
over the distribution of the random field we get a unique measure uf)’ )(s) on
(2([0, 1]))%> (recall (0.34)), which is an equilibrium state of the evolution
(X5%(8))r>0 . Hence for each j and s > 0 we have constructed a stationary
process. The limit as s — oo exists as well. It is denoted by (X7°(?)):>0 and is
obtained by setting .Z(8) = Z(ZJ;%) in (0.34).

Having now completed the construction of the limiting dynamics we can state
our results as follows:
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Theorem 0.4 (Quasi-equilibria). Let (X7°,(¢))r>0 be the stationary process with

values in (P([0, 1]))%~ which was defined above. Then for every s >0, j €N
and every s(N) 1 co with s(N) = o(N)

LAYV +0)iz0) 2 LK (D)iz0),

(0.35) v
Z (XY (s(N)Bj(N) + 1))r=0) e Z(X°(1)rz0). O

Hence we obtain a sequence of quasi-equilibria Vo by setting
(0.36) Vo = .‘?(Xf°(t)),

where j indicates that deviations from stationarity occur only in times of order
Bi(N) = N/. Recall that ¢ is the mean measure of the initial state of our
original system.

(f) The interaction chain and the qualitative behavior of the process. The goal
of this section is to introduce the interaction chain and use it to study the space-
time picture of the process (X" (¢));>0 . The interaction chain arises by viewing
at the sequence of original systems (X7)ycn renormalized in space and time,
in slow and fast time scales. After introducing this ([0, 1])-valued Markov
chain we study it first from the point of view of stability versus clustering (cf.
Theorem 0.5). Then we consider the two regimes in more detail and investigate
the pattern of cluster formation and spatial density of types respectively (cf.
Theorems 0.6, 0.7). A precise formulation of the relation between these results
and the corresponding behavior of the original systems as N becomes large is
deferred to section (h) (Theorem 0.10).

Studying the space-time structure of our interacting system amounts mathe-
matically to considering the following vector-valued field:

xé’j(so(N) 3815 s S))
= (X, j(So(N)B;(N)), Xg, j—1(So(N)B;(N) + 518;-1(N)),
» Xz,0(So(N)Bi(N) + -+ +5))),

with s5p(N) T oo but 5o(N)/N -0, (s1,...,5;)>0.
We study stability and clustering of the above object by investigating proper-
ties of the limiting object of )‘ch j(So ,...,8j) as N — oo, which defines what

we shall call the interaction chain at level j. Compare subsection (h) for a
discussion of the relevance of this approximation for the fixed N system.

(i) We start by introducing and explaining the concept of the interaction
chain. In the previous section we saw that there is associated w1th each time
scale Bi(N), and each 6 € Z([0, 1]), a quasi-equilibrium Vo ) of our pro-
cess. For a given time-scale f;(N) it makes sense to investigate the behavior
of the process on the level of a single component x; ¢(f) or block averages
Xg k(t) for k < j. (Recall Theorem 0.2.) In the limit N — oo the behavior
of each of these quantities is described using the collection {uék) , k<j}. The
dependence structure for fixed ¢ of the vector %¢ ; € (Z([0, 1]))/*! is there-
fore described by the following object for the limiting dynamics as N — oo.
Let £ = (&, ..., ¢, &4, ...). Consider the random vector defined as follows
(recall (0.33)):

(0.37) 6,80, 6%5, 6581 .., 8% %),
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with 6 given by the expectation measure of the initial distribution ux of the
process and .Z () given by (0.34), see Theorem 0.1. Relation (0.37) defines
for every j a time-dependent Markov chain on ([0, 1]) starting at time —1
in the state 6 with transition kernel at time ¢ — 1 given by K}j )(- , *) with

(0.38)  KV(6',4)=T5"44), AecRB(X(0,1)), 0 20, 1)).
Here everything depends on the chosen level j and time scale f;(N).

Definition. (a) The Markov chain (6/)c-_;,..,; on ([0, 1]) defined in (0.37)
or (0.38) is called the interaction chain at level j .

(b) This chain is embedded in the Markov random field over Q., with values
in Z([0, 1]), defined by (compare (0.33) for s — o)

(0.39) (69)zean
and this field is called the interaction field at level j. 0O

Remark. Recall that according to Theorem 0.3 the state 6,((’ ) of the level J
interaction chain is of the form 3,2, M,E’ )z6U1 , that is, consists of at most
countably many atoms for every j, k.

Since the components are our natural reference point and from the point of
view of entrance laws, it is now more convenient to consider the chain shifted
in time, that is, to introduce for some fixed (but arbitrary) & € Q (see (0.33))
(0.40) (09)eamjor1, .0 with 6 = %80, 09 =6, §Y)_ = .

The marginal distributions of 8/ are u{)"“ introduced in subsection 0(d),(iv).

The rest of this section, namely subsections (ii)-(iv), gives an analysis of
the qualitative properties of the interaction chain. First we discuss the stability
versus clustering dichotomy. Then we discuss properties corresponding to the
cluster formation in the original system. Finally we investigate the number of
different types found in large blocks of the interacting system, which is reflected
in path properties of the interaction chain.

(ii) In order to state below our theorem on the stability-clustering dichotomy
we introduce the following terminology.

Definition. Let M = {d,|u € [0, 1]}.
We say that the system of interacting Fleming-Viot processes clusters in the
mean-field limit if, for all 6 € ([0, 1),

(0.41) L@V = u)° = Z(6y(+)) with Z(U) =6

and is called stable in the mean-field limit if, for every 6 € ([0, 1]),

0.42)  Z(65) = u)° = pe® with u (M) =0, for ¢ M. O
Remark. In a system which eventually clusters, locally we shall see a state which
is a J-measure; i.e. only one type prevails locally. In a stable system with

probability 1 we see more than one type coexisting locally, provided we do not
start in a monotype state.
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Remark. The above picture can be extended and viewed from the point of view
of entrance laws for the chain given in (0.40). Recall that an entrance law for
a Markov chain indexed by Z and with transition kernel P, is a collection
(ax)kez Of measures on the state space such that oy, = o4 P, forall k € Z.
In particular, we shall show later on (see section 6) that

L6 ket-j1,...0) L (0P )kez-) , where Z(05°) = ug>°

and 9,‘2" i 0>, and (é,cf)kez- is a Markov chain with
——00

kernels I“;k (dy).

Hence each .¥ (((9;2") rez-) constitutes an extremal entrance law. Moreover each
entrance law for the collection of kernels {I'2*(du)}cz- (see section 0(d),(iii))
can be obtained as mixtures over the extremal entrance laws corresponding to
the ones where the random variable 93"00 is equal to a constant 8 € Z([0, 1]),
that is, the ones constructed above. Then the case of clustering corresponds
to the situation where (§S°oo = d, for some u, and the only extremal entrance
laws are the sequences ((J,)xecz-) for some u € [0, 1], while in the stable case
every 6 € ([0, 1]) is possible as a value of éi°oo and the entrance laws are
not constant sequences if 8 ¢ M . We summarize:

clustering < {(6,)% |u € L([0, 1])} are the extremal entrance laws of the
Markov chain in (0.40),

stability < for every § € £([0, 1]) there exists an extremal entrance law

which for 6 ¢ M is concentrated on (([0, 1])\M)%"
and has nonconstant paths.

Since the (ci)ren describe the range of the interaction over distance k,
we expect that for weak interaction (¢; at most slowly growing), we shall see
clusters, while for strong interaction of longer range (¢, rapidly growing), the
initial density of types should be preserved. In other words, in the first case we
should have only trivial entrance laws based on 92‘;0 =d,, uc[0, 1], while
in the second one to every 6 € £([0, 1]) there should correspond an extremal
entrance law.

Recall that 6 is the density measure of the initial law of our process and
hence the initial state of the shifted interaction chain of (0.40).

Theorem 0.5 (Clustering versus stability).

z o '= 0o = the system clusters in the mean-field limit and
(0.43) k
2(6=.) = [ 85,00du);

Z Cr ' < 0o = the system is stable in the mean-field limit and
(0.44) k

6>, =6. O
Compare the above result with Corollary 0.2 which represents the analogous
result for fixed N.
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In the next two subsections (iii) and (iv) we discuss each of the two cases in
Theorem 0.5 in more detail.

(iii) The next part of this subsection is focussed on a more detailed analysis
of the clustering case. In order to motivate the definitions below let us return to
the interacting system XV (¢) for a moment. In the case of a clustering system
one would like to identify the rate at which clusters, i.e. sets of components
in a state close to J, for one and the same u € [0, 1], grow. (Note that due
to migration, we do not hit the set {J,|u € [0, 1]} in finite time if we do not
start in this set.) If we have at time ¢ a cluster of components close to state
J, which contains the block of components within distance k of the point
of observation, say &, then the state of x: ,(f) will also be close to d, (and
vice versa). Hence we can get an idea about the size of clusters by studying
(xe k(t))ken in various time scales and by relating the block size k and the
time scale. A simplified approach is to fix a time scale and then look at averages
of various sized blocks. For the time scale f;(N) we get good information on
possible cluster sizes by considering the vector of the successive averages

(xe,k(tBi(N)k=o, ..., -

Since the clusters grow as time tends to infinity, we should determine that size
of a block in which we see a cluster close to a d-measure. In particular we must
find the relation between blocksize k at which such a cluster appears and the
index j of the time scale. In other words investigate the behavior of

X,f,f(j)(tﬂj(N)) fOI'j — 00

and try to determine, for suitable increasing function f, the probability (in
terms of f) that the limiting object remains concentrated on states which are
J-measures in [0, 1]. Appropriate f’s would be f(j)=[oj] for 0 € (0, 1).

Instead of approaching this (quite difficult) problem directly, we pass imme-
diately to the corresponding question for the limiting object as N — oo, which
is described completely by the interaction chain. This approach has the advan-
tage of not using duality and allows us later on to generalize the results to a
larger class of processes (compare Theorem 0.9). A discussion of the two-type
case is found in Fleischmann and Greven (1994).

In the case of a system clustering in the mean-field limit the interaction chains
(éﬁn) become degenerate for £ = —-M, -M +1,...,0 for every finite M as
j — oo. Degenerate means the state becomes a J-measure. We shall then ask
whether the rescaled process (é(fﬁ))ae[o,n can be made, via choice of f,(-),

to converge to a nontrivial process (9,,),,6[0, 1) on ([0, 1]). (Here nontrivial

means that 6, is not constant and equal to a d-measure.)
The cluster formation exhibits two principal regimes, which correspond to
the distinction between dimensions 1 and 2 in lattice models. These regimes

are distinguished by the property that (éﬂ‘,z +m)meN converges to the constant
process (regime I), respectively to a random sequence (regime II). The distinc-
tion depends on how rapidly ¢, decreases; for ¢, = ¢c¥ with ¢ > 1 we are
in regime I while for ¢, decaying to 0 at most polynomially we are in regime
II. (Compare Dawson and Greven (1993a).) Indeed we shall see in the second
regime that it is possible to find a family of scaling functions for the blocksize

as a function of the order of the time scale:
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Definition. (a) A set of functions {f,(*)}ac[0,1), fa(*) : ZT = Z~, fo(k)=-k,
are called the cluster scales of the process if they satisfy two conditions:

fa(k) is an increasing function of « for every k,

0.45 5 A
O 2@ eco.n) = (Badacon):

(b) The process (94)0,6[0, 17 is called the cluster process if for 6 ¢ M

a

(0.46) Prob(6, = é, for some u € [0, 1]) € (0, 1) Va € (0, 1).
(c) We classify the growth of clusters as follows:

(0.47) |fa(k)|/k iy 1 rapidly growing clusters.
(0.48) |fa(K)|/k iy 1 — o diffusive clustering.
(0.49) Jo(k) Kk Py 0 slowly growing clusters. O

We shall later identify as cluster processes those processes which are (de-
terministic) time changes of (Y;);>o where (Y;);>0 is a Fleming-Viot process
on ([0, 1]) starting at 6. Formally, (Y;) is the solution to the martingale
problem (L, dg), where

1 02G(z)
LG =5 [ [ e vIes(du, dv)

with
Q.(du, dv) = z(du)d,(dv) — z(du)z(dv)
and G(z) asin (0.28).

Recall that the path of the process Y; is such that for all ¢ > 0 the mea-
sure Y; € £([0, 1]) is atomic and consists of a finite (random) number of
atoms located at points in [0, 1] (cf. Dawson (1993, Section 8.2)). Further-
more as ¢ — oo the path Y; will hit the set of measures {J,, u € [0, 1]} and
remain trapped in the state first hit in this set. The location, u, of the traps is
distributed according to 6.

Theorem 0.6 (Cluster formation). Assumethat 3y, c,:‘ = oo and liminfy_, c,i/ k

=1.
(a) Diffusive clustering. Assume that ¢, — ¢ as k — oo with ¢ € (0, ).
Then

(0.50) fo(k)=—(1-0a)k
are cluster scales and the cluster process is given by
(0.51) (Yog(1/(1-a)))acl0, 1]-

(b) Rapidly growing and slowly growing clusters. Define I(m) := Y ;_,ci I
We have rapidly growing clusters if, for all o € (0, 1), I(m\/I(am) i 1.

We have slowly growing clusters if, for all o € (0, 1), I(m)/I(am) S O
(c) Next assume that ¢, = c=* with ¢ > 1. Then

L% men) = L (07 )men)
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where (9§n°°))meN is a time homogeneous Markov chain on P([0, 1]) with tran-
sition kernel I":,/ ‘.o

For a more detailed analysis of the fast and slowly growing clusters compare
Dawson and Greven (1993c). These three cases of cluster formation occur also
in lattice models, i.e. I = Z4. Under the assumptions of Corollary 0.1, d = 1
corresponds to regime / and d = 2 to regime II and the diffusive clustering
case.

(iv) We conclude this subsection (f) by analysing the stable case further.
Here we have to distinguish two qualitatively different situations. First, 8 is
atomic and second, 6 is nonatomic. Questions for the first case are essentially
questions about diffusions on finite-dimensional simplices (compare (0.56)). It
is the second case which displays a number of phenomena specific to the infinite-
dimensional state space of a component. We shall focus on this second case in
this subsection.

Again to motivate our definitions we return to X (¢). The two basic ques-
tions we would like to ask about our original system X7 (¢) are the following.
Take a realization of our process X" (¢) in equilibrium. Recall that x/(¢) for
t > 0 is an atomic measure. Pick at a fixed time ¢ a certain type which has
positive mass in the ¢-component x¥(¢), say. What is the spatial density of
that particular type in the realization? Furthermore how fast does the number
of types grow as a function of increasing block sizes, when we consider only the
number of the largest types which account for a nontrivial proportion of the
population, in that realization? These questions are difficult to analyse for fixed
N and we now investigate this in the limit N — .

We define first the process (9,‘3°)k€z- corresponding to an entrance law of
the interaction chain (the interaction chain at level oo):

(0.52) L0 kez-) = Whm L (0 )e=—j-1....0)-

This limit exists as we shall prove in section 6(c) and is nontrivial by Theorem
0.5. Since every random variable 62° takes values in the space of measures
with countably many atoms, we can write it in the size-ordered representation

o0
é,‘? = ZM}k)éuj(k) with (Mj(.k)) jen nonincreasing (in j) and
j=1

(0.53)
(U}k))jEN = (Un,((l))jGN

(here (U;);en are i.i.d. and 7, : N — N is a random map).

In this setup the processes (M}k)) jen with values in [0, 1] are now the basic
objects for the further analysis.

Recall now that we are in the case in which 8 is nonatomic. We shall show
that the asymptotic spatial density of a type is 0 and that the number of types
per block increases at a certain rate depending on the interaction strengths ¢y .
This behavior can be reformulated in terms of the following objects which
are stochastic processes obtained by taking functionals of the interaction chain
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(@?)kez— at level oo, that is, the entrance law.

(0.54) RO =S"MP)2,  kez,
j=0
(0.55) Sk = EM teN,keZ .

Theorem 0.7 (Spatial densxty of types). Assume that 6 is nonatomic. Let (by)
be an N-valued sequence with b, 1 oo as k — oo.
(a) R%) 2 0 a.s.
—00

(b) Sbﬁ)l — 1 in probability provided that by /cj| — oo as k — —oc0,

S,(,ﬁ)' — 0 in probability provided that by, Z () ' —>0ask - —-o00. O
e=|k|

Remark. (a) implies that sup; M}k) converges to 0 in probability as kK — —oco;
that is, we have spatial density O of particular types.

(b) gives information about the number of types per block in the limit of
large blocks. In particular in the case in which ¢, = ¢k for ¢ > 1 we obtain
sharp estimates for the growth of b, as k — oo.

Remark. Note that for § atomic, the assertion of the theorem fails! In that
case every type has asymptotic spatial density 6({u}).

(g) A fixed point property of Fleming-Viot systems under renormalization. One
expects that the features displayed in Theorems 0.1-0.7 are shared by a large
class of evolutions. In this section we investigate the reason behind such univer-
sality properties (see Dawson and Greven (1993c) for a discussion of interacting
diffusions). We now view the rescaling of time and space as a renormalization
procedure, which gives a new interacting system which is studied in the limit
N — oo. The key to universality is now the following fact.

The Fleming-Viot systems have the remarkable property that if we perform
the multiple time scale analysis of Theorem 0.2, we obtain as limiting processes
Fleming-Viot processes with immigration on all levels and in all times scales
Br . This means that the coefficient of the second-order term in the generator
preserves its form. If we specialise to the case 8 = ady + (1 — a)d, , we ob-
tain a system of interacting Fisher-Wright diffusions, which can alternatively be
described by the weights (ag(f))zscqnv of the atom at type corresponding to the
point 1. Then

056 dag(t) = Y a(€, &) (ae (1) — ag(t)) dt + \/2da¢(t)(l — o (1)) dwe(t)
. {l

with (we(f))zeq, i.1.d. standard Wiener processes.

It could then be shown (cf. Dawson and Greven (1993c¢)) that among all systems
of interacting diffusions in which a(1 —a) in the diffusive term is replaced by a
nonnegative Lipschitz function g on [0, 1] vanishing exactly at the boundary,
the Fisher-Wright system is the only system where on the various levels of the
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multiple scale analysis we obtain diffusions with diffusion coefficients of the
same form.

In order to formulate an analogous result in our context consider processes
defined as in (0.8) but in the diffusion term the object

Ox (du, dv) = xg(du)é,(dv) — xg(du)xs(dv)
is replaced by

08 (du, dv) = ( / Glxe, u, z)xf(dz)) Xe(du)d,(dv)
- G(xg, u, v)xg(du)x:(dv).

Here G € &, where & is the class of nonnegative measurable functions on
([0, 1]) x [0, 1]? such that for each u € ([0, 1]), G(u, -, -) is symmetric
and

(0.57)

Gl = sup / / Gy, u, v)u(du)p(dv) < oo,

Let Lg’c denote the operator of the form (0.28) with immigration source 6
at rate ¢ and diffusion operator Q¢. The form of Q¢ guarantees that the
state space of the measure-valued process is ([0, 1]). Such systems arise
as diffusion limits of genetic models in which the reproduction of a colony
produces a covariance of the frequency of different types which may depend on
the state and the type involved and not only from the constraint that the total
mass is one.

Assume for the moment that the martingale problem for (Lg’c, u) has a
solution and that Fg’c is an equilibrium state of the process on Z([0, 1]) (see
0(d), (iii) and Lemma 2.1 for a formal construction of processes of this type).

For G € & define
(0.58)

F.0%(0, u, v) to be the signed measure on [0, 1]? given by

F:Q0(6, du, dv) := E*(QF)(du, dv) = / QS (du, dv)T$>(dx).
2([0,1)])

We write l"g instead of Fg’c and ¥ instead of % if the parameter ¢ > 0 is
fixed.
We will prove in Lemma 7.1 in section 7 that

(0.59) / TS(dx)G(x, u, v)x(du)x(dv) < 6(du)0(dv).

Let H(6, u, v) denote the Radon-Nikodym derivative of the L.h.s. with respect
to the right-hand side. of (0.59). Then we also show in Lemma 7.1 that
(0.60)

Z.0%0, du, dv) = /H(G, u, z)0(dz)6(du)é,(dv)-H(0, u, v)0(du)8(dv);
that is,
%090, du, dv) = Q¥ (du, dv)
and
(0.61) |Hlloo < 1{IGllco-
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We write H = %,(G).
In order to be able to iterate the map ¥ , respectively % , we need some
more properties of the functions G we consider. Define for some fixed ¢ > 0

Z = {G € Z|G satisfies (i), (ii), (iii)} :
(i) The martingale problem (Lg'c , z) has a unique solution for every 6 €
2(0,1]), ze Z([0, 1]).
(i1) The system corresponding to (Lg" , ) 1s ergodic for all 8 € Z([0, 1])
and ¢ > 0.
(ili) The map 6 — I'§ is continuous.
Now consider the largest subset & C & such that

F(&)CE.

The set & is nonempty since it contains at least the functions ¢l with ¢ > 0.
In the case where the type space consists of two points instead of [0, 1] it
has been proved that ¥ = & (Dawson and Greven (1993c) and Baillon et al.
(1994)). It is an open problem to prove this in our more general context. Since
all of the three points in the definition of & above are already very challenging
problems, we do not discuss this topic any further at this point.

Theorem 0.8 (Fixed-point property). Let ¢ > 0. Then the function G(x;, u, v)

= const is the only function in & with the property that there exists a function
h:RY — R* such that for all a € R*:

(0.62) Q7% = h(a)Q§.
Furthermore, for every G € Z and with FMNG):=F oF o---0F(G),

(i) (n/)@g" " = Qs.
(i) |(n/c)Z."(G) — 1]|oo e 0, provided G(x,u,v)>¢e>0. O

Note: The question whether the corresponding martingale problems still have a
unique solution and whether Theorems 0.1, 0.2, 0.4, 0.5, 0.6 hold here as well is
not yet completely settled (cf. Dawson and March (1993)). However the above
statements make sense without having solved these problems.

With the same argument as in Dawson and Greven (1993c), Baillon et al.
(1993) we can derive Theorems 0.5, 0.6 from (0.63). Hence relation (0.63) is
the reason behind the universality in the longterm behavior of the system:

Theorem 0.9 (Universality). Assume that G € & .

(a) For every solution of the martingale problem (L, u) with Q in (0.6)
replaced by QS the conclusion of Theorem 0.5 holds.

(b) Assume that Q¢ > ¢Q for some ¢ > 0. Then for every solution of the
martingale problem (L, u) with Q replaced by Q¢, Theorem 0.6 holds. O

(h) Space-time structure of the process for large N and the interaction chain.
The role of this section is to formulate a precise answer to two questions:

(i) To what extent does the interaction chain (6]),—_,_; . o and the re-
alizations of the entrance laws (é,‘f)kez- give a good approximation of the
space-time structure of the process X" (t) for fixed but large N and large times?
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(i) What do the quasi-equilibria vék) ie. & (93°) , tell us about the spatial
structure of the equilibrium measures v} of the interacting system for N fixed?

We first discuss question (i). In order to understand the space-time structure
of the equilibrium process, we look at the process at times of moderate size
B(N),say B(N)> N/ but B(N) <« N/*! and at very large times, i.e. S(N) >
N/ for every j. To capture the spatial structure consider a vector of successive
averages over blocks of different sizes. To formulate this idea precisely consider

i=,...,t),t>0,i=1,...,j,and s(N) with s(N) 1 oo and s(N) =
o(N) . Define chains

(0.64) (Z{ (s, D)kamjor,.0,  JEN,

by setting

J—Ik|
(0.65) Z{ (s, ) = x 1y (s(N)Nf+ 3 t,-Nf-") , k=—j—1,...,0.

i=1

Hence the process (Z,{’N Jk=—j—1,..,0 describes in which way the various
block averages of the system X7V(¢) fluctuate when observed at time points
(t1,...,t;) of moderate size. Next consider the time scale ¢(N) with o(N) 1
oo and o(N)/N/ — oo for every j € N. Define a process (Z,f°’N)k€z- by
setting

(0.66) z2 N =x{(@(N),  kez.

This object describes the spatial dependence structure of the process in a large
time scale.

Finally we come to question (ii). Namely, in order to analyse the structure
of the equilibrium measure v} we want to know what is the distribution of the
vectors (Xg o, Xz,1,...) for fixed & € Qu . It is convenient to view this object
in the form (xg x)kez- - Denote the distribution of this random variable on

(2([0, 1) by 5} ; ie.
(0.67) L((XF wkez-) =4 -

Before stating the next result we recall some ideas from statistical physics.
For this purpose let us briefly review some facts about the infinite systems and
the hierarchical mean-field systems which we need to explain some concepts
appearing in the answer to the above questions. First according to Theorem 0.1
and Corollary 0.2, under condition (0.23) for each N € N and 6 € Z([0, 1))
the infinite system on Qpy has a spatially homogeneous ergodic invariant ran-
dom measure with marginal mean measure 6, ug" . On the other hand for
each J € N the (finite) system truncated at level J, i.e. ¢, =0 for &k > J,
and with xEN J+e» £ =1,2,..., replaced by a fixed source 6 has a unique

invariant measure Vo LA O can be shown that uN = z/é" as J — oo in the

sense that the restrictions of ”o I (xs:¢eB)ye)=>v)(x:¢€B)e")
for every finite subset B C Q. This is the analogue of the thermodynamic
limit of statistical physics (cf. Ruelle (1969)). On the other hand, according

to Theorem 0.5, under condition (0.44) .& ((é,‘f’)ke{_ J-1,..,0}) converges to
the entrance law & ((éf(”)kez—) as J — oo. Moreover the conditions (0.23)
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and (0.44) coincide provided that limsup,_ . (ck)'/¥ < N. Thus the entrance
law of the hierarchical mean-field limit is the analogue of the thermodynamic
limit of the infinite system in the stable case. To complete the picture we will
now formulate the result that the joint distribution of the block averages under
pY converge to .Z((65°)kez-) as N — co. Thus the entrance law constructed
above can be viewed as the hierarchical mean-field limit of the sequence of er-
godic invariant measures of the corresponding infinite systems {xg © € €Qn}
with mean measure 6 (compare (0.71) below).

Theorem 0.10 (Approximation property of the interaction chain). Consider the
stable case. Then

(a) Assume that the initial measure is homogeneous with site mean measure
0 and that for any g € C([0, 1])

Cov((xg, g)(xzn, g)) = 0 asd(&, E") — oo uniformly in N.
Then
(0.68) Var((xg x(t), &) = 0 as k — oo uniformly in t and N > Nj.
(b) For every i € (0, 0o)’ :

(0.69) LZEY Dkemjm1,00) (= L (Ok-j-1....0)
(0.70) Z(ZE Mker-) = L (O kez-)
(0.71) o5 = L0 )kez-)- O

Remark. A particular case of interest is ¢ = 0 in which we get that the vector
(Xe, k| kez- under the equilibrium law v} isapproximately distributed as N —

oo as the entrance law of the interaction chain associated with 6= = 6. In
particular the approximation property says that for large fixed N we cannot
cluster in the case ) ¢ <. (However, the opposite conclusion, namely that
> ck‘1 = oo implies clustering for large N, cannot immediately be drawn.)

Remark. The analogous result can be obtained by considering in (0.71) not just
a fixed &£ € Qu but the whole field in &.

Remark. The weak convergence statement (0.71) is not sufficiently strong to
yield results on the spatial distribution of types from Theorem 0.7 and more
generally it is not always a priori possible to interchange the limits J — oo
and N — oo. However it can be shown that many properties of the systems
remain the same under the interchange of the limits; for example this is the
case in Corollary 0.2 on the stability versus clustering dichotomy. Also the finer
properties of the cluster formation are stable under letting N — oo at least in
the two-type case (see Dawson and Greven (1993), Fleischmann and Greven
(1994)).

(i) Open problems and extensions. Outline of paper. The ceniral open question
is to obtain Theorems 0.0-0.10 for more general systems of the type which was
introduced in (0.57) in connection with (0.8) and to obtain theorems on the
interchange of the limits N — oo and J — oo with respect to Theorems
0.5-0.7. By analogy with the theory for the case of two types, i.e. [0, 1] is
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replaced by {0, 1}, which leads to interacting diffusion systems, we expect that
the theorems we have generalize. (Compare Dawson and Greven, (1993b,c),
Cox, Greven and Shiga (1993) and Fleischmann and Greven (1994). In these
papers coupling techniques were essential which do not immediately work in
the case of “general” Fleming-Viot systems.)

A second problem is to analyse the stable case further. For example the lim-
iting behavior of the process (M,£°°))kez- , after rescaling, should be studied
(this describes the density of a particular type over blocks of different sizes). In
equilibrium critical branching systems in R”, n = 4 is the critical dimension
for the transcience-recurrence dichotomy for the motion of each of the count-
ably many surviving types (cf. Dawson (1994)). The analogue of this for the
system of interacting Fleming-Viot processes should be found.

A third round of questions is to obtain Theorems 0.1, 0.5, 0.6, 0.7 without
taking the limit N — co. Again in the case of interacting diffusion systems
partial results are known. '

The rest of this paper is organised as follows. In sections 1 and 2 we study
existence and uniqueness of the model and related questions. In section 3 we
treat the behavior of the system as ¢ — oo using duality (which is introduced
in this section). The sections 4 and 5 systematically develop the multiple space-
time scale analysis. Section 6 treats the qualitative properties of the interaction
chain and finally section 7 is devoted to the study of the map # and the
question of universality.

1. EXISTENCE, UNIQUENESS AND PATH PROPERTIES OF THE SYSTEM
OF INFINITELY MANY INTERACTING FLEMING-VIOT PROCESSES

The purpose of this section is to establish the existence of the model described
in section 0 and in particular to give the proof of Theorem 0.0. As in the theory
of infinite particle systems the proof of such a result consists of two steps. First
one has to ensure that the systems with finitely many components are uniquely
described by the given generator. Then, in a second step, one has to show that
one can obtain the infinite system by taking a limit in the system size. The first
step has been carried out in Vaillancourt (1990).

The proof of Theorem 0.0. We shall prove a slightly stronger result. Let G be
a continuous symmetric function ([0, 1]) x [0, 1]> — [0, co). Define (recall
(0.57) for Q9)

L(F) = ¥ ate, &) [

&Eel [0,1]

9?2 F(x) G
, )07 (du, dv).
/[0 11/[0 1] ‘9x¢5xc )05 )

Proposition 1.0. For every initial distribution n € P(E), the martingale problem
for (LC, pu) has a solution in P(C([0, c0), E)). If there exists a d > 0 with
G(u; u,v)=d, then the martingale problem for (L%, u) is well-posed. O

OF(x)
0Xxe

(u)(xg: (du) — xg(du))
(1.0)

éel

Remark. To prove that the (L¢, u) martingale problem is well-posed for non-
constant G in general is difficult. However if G(6, u, v) has a representation
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of the form
0o ol 0
G(6,u,v)=d+2/ / Gn(zy,..., Zn,u,v)0(dzy)---0(dz,)
par 0

and

oo
Zb”HG,,(z] sevesZn, U, V)|loo < oo forsomed >0,
=0

then it is proved in Dawson and March (1993, Theorem 5.8) that there exists
a d* such that if d > d*, then the corresponding Fleming-Viot (single site)
martingale problem is well-posed.

Proof. Define an increasing sequence of finite subsets of I,say Iy Cc [, C ---
such that UmZI I, = I; denote by LS the mth truncated operator approxi-

mating L¢, (thatis, LS is defined as L is but using sums over I,, in place
of I).

By Theorem 4.2 of Vaillancourt (1990), the martingale problem for (L?, u),
d € (0, 00), is well-posed in Z#(D([0, o), ([0, 1])'=)) for every distribution
U € P(P([0, 1)) . The existence of a continuous version can be obtained as
in Dawson (1993, Proposition 7.3.1). Given this unique solution, let us denote
by P (= P)) its unique extension to #(C([0, ), E)), obtained by freezing
the components ¢ I,,,. In the case where G(u, u, v) is not constant we have
to use techniques from Dawson and March (1993, Theorem 5.6) to construct a
solution.

Let F be a function in & (see (0.5)). The sequence of P,,-semimartingales
{F(X/™)},where {X/"} here denotes the canonical process in #(C([0, x), E))
associated with probability measure P, , has uniformly bounded local charac-
teristics. The tightness of {Pno F~':m > 1} c L#(C([0, ), R)) for F in
& follows from the criteria of Joffe and Métivier (1986, Proposition 3.2.3).
We have to check the hypotheses made there on the drift and diffusion coef-
ficients of the semimartingale F(X/"), denoted by b™(¢, w), and a™(t, w),
respectively. The condition needed is

(1.1) sup E sup(b™(t, )2 +a™(t, +)) < .
m  (<T

Since F2 e & if F € & it suffices to show that
(1.2) sup E sup(b™(t, +))? < .

m  <T
This follows from the bound
(1.3) supsup LS (F)(x) < Cr ¢ < o0,
m X
which is elementary.
Since & C C(£) contains a countable dense algebra, the tightness of

{Pm:m>1} in P(D([0, 00), E)) follows from that of {P,oF~':m>1}.
For each F € &, and integer M > 1 there is a d) > 0 such that

(1.4) |LS(F) - LS(F)| < 8y Cr for every m > M with 8y — 0 as M — oo.
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Therefore all weak limits of {P,} are solutions to the martingale problem
for L6. For G # d, we pick any such solution. To complete the proof—
and obtain that P, converges weakly in the case G = d, d € (0, ), as
a bonus—we need only prove the uniqueness of solutions to the martingale
problem for (L4, u) when u € P(E). Since we are now talking about the
case G = d, we use the concept of duality. This will be discussed extensively
in section 3. The reader is referred to Lemma 3.1 therein, which immediately
gives uniqueness. Furthermore, the continuity of the limit follows from the fact
that P, (C([0, o), E)) =1 for each m (cf. Ethier and Kurtz (1986, Chapter
3, Theorem 10.2)).

Proposition 1.1. The unique solution of the martingale problem (LC, u) is for
G=d, d >0, a Markov process which is Feller. 0O

Proof. See Ethier and Kurtz (1986, Chapter 10, section 4.5).

Proposition 1.2. The unique solution of the martingale problem (LS, u) has for
G =d the property that each component of the process takes values in the set of
atomic measures on [0, 1] forall t >0, a.s.

Proof. Tt suffices to show for a fixed & € I, and 0 < T < oo, that xg(t) is
pure atomic for 0 < ¢t < T, a.s. The idea is to reduce the question first to a
statement for Fleming-Viot systems with finitely many interacting components
and then in a second step to an ordinary Fleming-Viot process with mutation, for
which results are known. We define a finite sequence of systems of interacting
Fleming-Viot processes on a common probability space as follows. Let I,, be
a finite subset of / which is given in the case I = Z" by [-m, m] and in the
case Qn by {£]d(0, &) < m}. We next replace [0, 1] in (0.8) by [0, 1]U {A}
and for m € N we set

_ ’ OF(x) _
Lo(F)(x) =Y a(,¢& )/ ax; (1) (xz: (du) — xe(du))

en [0, 11u{a}
(1.5) el
O (x),
+ / (u, v)Q% (du, dv).
;g‘; o.1110,1) 9 %0 *

This means that the process associated with LS (F) has the property that if
xz(0) = dp for & eI, , then xg(t) = forall t >0, & e I . Moreover it is
possible to construct a sequence of processes associated with {LS(F), m € N}
on a common probability space such that for each & € I, x£"|[0, 1] is non-
decreasing in m . For each m, {xé" , 0al¢ € I,,} is a finite system of interact-

ing Fleming-Viot processes on with state space (Z([0, 1]U A))™*! and with
bounded migration rates. A simple modification of the proof of Theorem 5.2
in Donnelly and Kurtz (1991) yields that {x7 (), oal¢ € I,,} has with prob-
ability one paths in C([0, o), (Z([0, 1]U A))™*!) where &, denotes the
purely atomic probability measures. (The proof is a direct application of their
“look-down process” representation of the Fleming-Viot process and their con-
struction can easily be extended to represent the system {xg’(o) , Oal€ € Iy} )
(An alternative proof using stochastic calculus can also be obtained by mod-
ifying the arguments in Ethier and Kurtz (1986, p. 441) or Dawson (1993,
Theorem 8.2.1).) Moreover a first moment calculation shows that X7 T x; as
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m — oo where {x;} is a solution to the martingale problem for L¢. Therefore
to complete the proof it suffices to note that the increasing limit of pure atomic
measures is pure atomic.

2. FLEMING-VIOT PROCESS WITH IMMIGRATION SOURCE

From now on, the migration mechanism is a random walk on the hierarchical
group Qp ; i.e. the stochastic matrix a(-, -) is actually a random walk kernel
on I = Q. To be specific we consider a mean-field random walk (see (0.19),
(0.20)) given by a sequence {cx : k € N} of nonnegative parameters such that,
for every choice of & and { in Qpy,

al&, )= ¢ N2 where k =d(¢, ().
jzk
The probability of a jump to a randomly chosen element within distance k is of
order N~k . This means that the strength of interaction between elements de-
pends on their hierarchical distance and this will give rise to multiple time scale

phenomena. The quasi-stationary behavior in each time scale will be approxi-
mated (for large times, order N*) by a measure-valued diffusion on ([0, 1]),

denoted by (Z,o’k )e>0, which is a Fleming-Viot process with immigration from
a source 6 € ([0, 1]). We next describe processes of this type.

(a) The Fleming-Viot martingale problem. Consider the following martingale
problem. Let G(-, -, ) be a continuous symmetric function on Z([0, 1]) x
[0, 1]x[0, 1] — [0, o0), and 6(-) a measurable function [0, co) — Z([0, 1]).
Consider the operator (recall (0.57) for Q%)

F)y —c/ 6F 0(t, du) — z(du))

(2.1) / / 3622; ¢ du. dv)

acting on functions

k
F(z)=H(/lﬁ(u)z(du)), fieC(0,1)), i=1,...,k, keN.
i=1 \’0

Lemma 2.1. The martingale problem (L,, z) has a solution. If G(z, u,v)=d
then the solution is unique. 0O

Proof. See for example [Dawson (1993, Theorem 10.3.2.1), or Dawson and
March (1993)].

Corollary 2.1. The martingale problem for (L% , u) is well-posed in (C([0, o) :
2([0, 11))) for every 6 € ([0, 1)) and every u € Fy, with

LE(F)(2) = e / 9% (w(0(du) - 2(du)
(2.2) 0

62F
+d/ / (u, v)Q:(du, dv),
0.1y )o.1 9207 )Q:( )
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where
= Cr—1dk—1
Ck—1 + di—y

k 1
do=1, F(z) =[] ( /0 ﬁ(u)z(du)) . fie (0, 1)),
i=1

i=1,...,k, keN. O

(b) Representation of equilibrium states: Proof of Theorem 0.3. We must show
that, for each 8 € ([0, 1]), the above martingale problem for L’g possesses
a unique stationary distribution, namely the law 1"’(; € P(£([0, 1])) of

00 i—1
> [V,-" [Ia- V,-h] 3y,
i=1

J=1

fork >1,

Ethier and Kurtz (1991, Theorem 3.8) proved that there is only one stationary
distribution, namely the law of 3_;., n;0y, where {U;} are iid. (6) and the

vector (1, 12, ...) has the Poisson-Dirichlet distribution with parameter e I,
This law was originally constructed by Kingman (1975) as the weak limit of
the reversed order statistics of a sequence of Dirichlet distributions. Patil and
Taillie (1977) showed that rearranging the coordinates of a GEM in decreasing
order yields a vector with Poisson-Dirichlet law (see Ethier (1992, Corollary,
§3) and Ethier (1990, Theorem 3.2) for an elegant proof). Combining these
yields our assertion.

We conclude this section by deriving a formula needed later on in the section
on renormalization. Consider the solution of (2.1) with G(z, u,v)=d, 6(t) =
0.

Lemma 2.2. Let Q,(du, dv) = z(du)d,(dv) — z(du)z(dv) and let Ty be the
measure on the right-hand side of (0.25) with y, =y. Then

1
y+1

Proof. We begin by reviewing some properties of the ingredients defining I’y .
The Beta(a, b) distribution on [0, 1] has density given by

fx)=c(a, b)x* ' (1-x)*"', a>0,b>0,
(@a+b-1)!

(a=DWb-1)

A Beta(a, b) distributed random variable X satisfies
a ab

a+b’ (a+b)2(a+b+1)

The sequence of [0, 1]-valued random variables, {A,}, is said to have the
GEM(B) joint distribution iff

(2.3) Er,Q:(du, dv) = Qy(du, dv). O

cla, b) =

E[X] = Var[X] =

j—1
M;:=V; [[(1 = V;) where 1}, V3, ...iid. Beta(l, B).

i=1
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Then using the above formulas for the beta distribution

Note that specializing to the case of interest we get
I'p:=% (Z Mjéuj) where {U;} are i.i.d. 6 and {M,} are GEM(y™").
j=1
We are now ready to begin with the proof of (2.3).

[ @:(@u, dv)roaz) - E[ S My, (du)du(dv)

J=1

_< 3 Mijau,(du)éuk(dv)ﬂ

J k=1

2.4 >
(2:4) = 0(du)d,(dv) — Y E[M;M,)0(du)f(dv)
i, k=1
Ij#k
- > E[M}10(du)d,(dv)
=1
= n[6(du)du(dv) — 6(du)6(dv)],
where
n=1-Y E[M}] (sincc > M= 1) )
j=1 Jj=1
We shall now verify that 372, E[M7?] = y/(1 + 7). If we define
2y? 2y
A=—""+——, B=1+4- ——,
(r+ D2y +1) (1+7)
then we obtain L
j—
E[M}]=E [Vf [T - V,-)z] = 4B/,
i=1
> E[M?] = 4/(1- B).
J
Hence o
Y
S E[M}) = ——.
= J 1+y
Therefore in (2.4) n = ﬁ; and the proof is complete. O

Remark. (2.3) immediately yields for the equilibrium state of (2.2) with ¢, = ¢,
d, = d that

cd
c+d

(2.5) Er,(d-Q:(du, dv)) = - Qo(du, dv).
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3. DUALITY AND BEHAVIOR OF THE INFINITE SYSTEM:
PrROOF OF THEOREM 0.1

(a) Duality. A central tool in proving theorems about the behavior of sys-
tems of interacting Fleming-Viot processes is the duality relation between these
systems and systems of delayed coalescing random walks (For other methods
compare 4(c).) The purpose of this subsection is to formulate the appropriate
dual process for our system. In order to reduce the notation we shall write down
everything for the case 7 = Qy . Since N is a fixed parameter, in section 3 we
will simply write Q instead of Qx . We construct the duality in three steps.

(i) In the first step we introduce a set of functions which determines a prob-
ability law on (Z([0, 1]))? and for which the duality relation will later be
formulated. Define for X () = {xs(f)}:;>0 the following “characteristic” func-
tions:

1 1
(3.1) F(f.-),f(t)=E(/0 /0 f(ul,...,u,,,)xf.(z)(dul).--xfm(z)(du,,,))

with f € C([0, 1]™), (&)™, e Q™, meN.

Remark. Note that by choosing n distinct points &i , i=1,...,n,in Q and
considering (&', ..., &%, ..., &1, ..., &), where ¢! appears n; times, etc.
and setting f € C([0, 1]m++") to be equal to

m n

fuy, o um) =[] &), m=>n, geC(0,1)), i=1,...,m,
i=1 i=1

we prescribe the mixed moment measures of all orders of the field {x;}:cq and

hence determine its distribution uniquely. Since C([0, 1]) separates points in
Z([0, 1]), the law of X (¢) is determined once we know

{F(cf),f(t)|(§i)7il € Q™, with f(uy, ..., um) = [ &i(us),
i=1

g eC(o,1]), i=1,..., m; meN}. O

Since the next objective is to determine {Fyi), ¢(f), ¢ > 0} via a suitable dual
process, we first rewrite {Fp (f), ¢ > 0} in the standard form for duality
relations. For every f € C([0, 1]*), f >0, we set

Hy(X, 1) : (£([0, 11))% x Q" - R*,

(3.2) He(X,n) = /f(ul s oens Un) Xy (dtty) - Xpn (dUn)
X = (xf)fEQ € ('@([0’ 1]))0’ n= (rll DERRIE ’1") € Q"

Then

(3.3) Feiy, p(1) = EHy(X(t), n), wheren= (&', ... ¢&".

(ii) The next step is to define the dual process, a delayed coalescing random
walk. Denote by

(3.4) {n = set of partitions of {1, ..., n}.
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For n € {,, let |n| denote the number of nonempty partition elements and rep-
resent 7 as a mapping from {1, ..., n} onto {1,...,|n|}; thatis, z~! gives
the indices of the particles in a particular position. Each partition element is a
subsetof {1, ..., n}. For every element n € Q", writtenas n= (', ..., n"),
we define a Markov process

(3.5) (fit)ier+ = ('7:1 yees ™l )

with state space 2, := {(n', ..., 7",/ € Q, j=1,...,|n|, = € {},
initial state o = (n', ..., n"; {{1}, ..., {n}}) and in which n/ denotes the
location of the jth partition element at time ¢. The time evolution consists of
two types of transition given by the rules

(a) The locations of the partition elements perform indepen-
dent continuous time random walks on Q with transition rates
a(&, &) (we can think of this as a set of particles moving to-
(3.6) gether).
(b) All pairs of partition elements in © whose locations in
Q coincide coalesce at a fixed rate, d, independently of each
other yielding a partition with one fewer elements.

(iii) We now extend H, to a function ﬁf on (2([0, 11))® x Z,), in order
to be able to formulate the duality relation. Set
H(X, %) =H/(X, (n, )
(3.7) - [ / S(Ungty s et X (i) Xy ()

=", ..., n'"h.
Now we are ready for:
Lemma 3.1 (Duality). For every n € Q", fe€ C([0,1]"), ne{,, neN:
(3.8) EHy(X(1), fio) = EHp(X(0), ),
where flg=(n,n). O
Proof. Denote by G the generator of the system of interacting Fleming-Viot

processes and by G* the generator of the system of coalescing random walks
with delay. Then by inspection

GH (-, o)(X , fio) = (G*Hp(X , ))(X , fo),
X € (Z([0, 1]1)®, and /iy = (7, ) with n € Q| 7 € ¢,.

Furthermore the linear hull of the set
(3.10)

{ﬁf(-, fo) : £ € C([0, 1]"), flo = (n, {{1}, ..., {n}}), ne€Q", neN}
is dense in C(Z([0, 1))?),
and finally

(3.9)

{H/(X,-): feC(0,1]"), X € (P([0, 1])*, n € N}
is dense in L,,(Z") for all n € N.

The first statement was shown in the remark following (3.1). The second state-
ment follows since these functions separate points of the countable set (Q"x{,) .

(3.11)
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The relations (3.9)-(3.11) then imply the relations (3.8) as follows. For ¢t =0
and left-hand side and the right-hand side of (3.8) are equal and the left-hand
side of (3.8) is a solution to a linear system of countably many differential equa-
tions which is given by G*. Since G* is a bounded operator on L., (Z"), the
solution of this system, that is, the right-hand side of (3.8), is (uniquely) given
by exp(tG*)[Hf(X(0), -)].

(b) Proof of Theorem 0.1. The proof is based on the duality from subsection
3(a). We start with some preparatory remarks on coalescing random walks.
The first observation is the following. Suppose Z(¢), Z,(¢) are indepen-
dent continuous time random walks on Q with transition kernel a(¢, &') ; then
(Zy(t) = Z2())1>0 is a random walk on Q with transition kernel a(¢, &) and
jump rate 2, where

. . 1 .
(3.12) aig, )= E(a(é, & +al', ).
Next since |7, is monotone decreasing, we can define the random variable 7 :
(3.13) Moo = llilg ;.

Finally we discuss the behavior of 7, for t — oco. We have to distinguish
between the two cases, @ recurrent, respectively transient. Denote by Z(¢) a
random walk on Q with transition rate a(£, &') startingat 0 and by {Z;(¢)}ien
a sequence of independent copies of Z(¢). We can assume that the system of
coalescing random walks with delay is constructed on a probability space on
which both the sequence {Z;(¢)};en and an independent collection of exponen-
tially distributed random variables are defined. Then the behavior, as ¢t — oo,
of the system of coalescing random walks with delay is as follows:

Lemma 3.2 (Coalescing systems).
a recurrent :

(3.14) L) - L(Z2W); {1, ..., n}) = 0.

For the case in which a is transient we write n., as

(3.15) 7o ={Meo(l), ..., Weo(n)}.
a transient
(3.16) Z(m||roo| = k) = L(Z\(2), ..., Zi(1)) . 0 vke{0,1,...},

P(lnoo| = 1) < 1, provided |mo| # 1. O
Proof. Consider first the case in which a is recurrent. Since Z(t) — Z,(t) is
a random walk with jump rate 2 and transition kernel a, we know that with
probability one all particles coalesce. This implies (3.14).

In the case in which a is transient, there exists a random time ¢, ¢ < oo a.s.,
such that at o the last collision of particles (in particular the last coalescence)
occurs in the system 7;. Denote by &!(f), ..., &I7=I(¢) the position of the
partition elements at time ¢ + ¢t. The system #, behaves for times u = s +
t + o like a system of |7, random walks in s, starting at &(¢), ..., ETel(s)
and conditioned on never meeting. Since for every pair i, j with [ # j,
Ei(t) = & (1) , T2, 0, the event that &' and &/ never meet after time ¢ has

probability tending to one as ¢ — oo. Hence it suffices to know the following:
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Let (Z}1), Z}(0), ..., ZL(D)), (Z&(t), Z3(t), ..., Z2 (1)) be independent
collections of m independent copies of Z(¢), starting at (0, ..., 0), respec-
tively a vector (¢!, ..., ™). Then there exist random times S, T such that

LUZI(S), s ZuONS) = Z(ZXT), ..., Zu(DT),
Prob(S < o0) = Prob(7 < o0) =1,
Prob(S = n) = Prob(T = n).

According to Corollary 1 in Greven (1987) this follows for discrete time Markov
processes if all bounded space-time harmonic functions are constant. The lat-
ter fact follows for aperiodic random walks from the lemma of Choquet and
Deny (cf. Spitzer (1964, Chapter 6, T1)) (aperiodicity is true in our case since
a(0, 0) > 0). Since the jump times are independent of the state, the continuous
time statement follows immediately from the discrete time result as follows: the
difference of the two processes counting the jumps is a random walk on Z with
expected jump size, 0 hence a recurrent process.
Now we are ready for the proof of Theorem 0.1.

Case 1. a recurrent.

We proceed in three steps. First we show that the components concentrate
on J-measures and then in a second step that we have consensus among the
components and finally we combine these facts.

Step 1. Choose in (3.2) m =2, f(u, u) = g(u1)g(uz), n=(&, &) and get
from (3.7)

1 2
E ( /0 g(u)xc(du)>

(3.17) - E(/gz(u)x,,l. (dwi(m = {1, 2})

+ [ gty (@ [ gwgdwi = ({1}, {2}}>).
Since

2

(3.18) Var,,(g) = /gz(u)xc(du)— (/ g(u)xc(du)> ,
we have using (3.14) in (3.17) that
(3.19) E(Vary(g)) ,—_O.
Since Z(x(t)) € P(£([0, 1])), the set
(3.20) {Z(xe(1)}z0

is weakly relatively compact. A weak limit point .#(x;(c0)) of the sequence
must according to (3.19) be concentrated on

(3.21) M = {6,Ju €0, 1]};

ie. Z(xg(00)) = fol 05,0 He(du) for some H(-) € £([0, 1]). But we know
from (3.8) that for & ({x:(0)}ecq) = 1

(3.22) : E(x:(1), f)=(0, )
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so that for such a limit point & ({x;(c0)}¢eq)

(3.23) E(xz(o00), /) =1(0, f) VfeC([0, 1]).
We conclude from (3.23) and (3.21) that H; = 6 so that

1
(3.24) L(xx(00)) = /0 S6,)0(du)

which finishes the first step.

Step 2. In order to show that consensus of the components occurs for ¢ — co
setin (3.2) m=2, f(u1, uz) = g(u1)g(uz) butuse n = (&', &) with &' # &2,
Then we get from (3.8)

E ( [ swwan [ g(u)xcz(txdu))
(3.25) - E( / &2 (u)x,y (du)l(m, = {1, 2})

+ [ sy (dw [ guxpanien = (1), {2}})).

By (3.14), (3.24) the right-hand side (cf. (3.25)) converges to

(3.26) | / g2(u)0(du)
and the left-hand side to
(3.27) E ( / () xa (c0) (d) / g(u)xgz(oo)(du)).

Since indicators of open or closed intervals can be pointwise approximated
by bounded continuous functions, we have (3.25)-(3.27) for such indicator
functions. Hence choosing g(-) =14, A an interval, we conclude from (3.24)
and (3.25)-(3.27) that

0(4) = Exzi(c0)(4), i=1,2,
0(A) = E(xg1(00)(A)xg2(00)(A)).

This implies with (3.24) (xg(c0)(A) is either 0 or 1!):
(3.29) Xg1(00) = xp(00) VE', E2€Q

(3.28)

so that consensus occurs as ¢ — 0o.

Step 3. Combining (3.29) and (3.24) yields

(3.30) Z((xeeen) 2, [ Saand@n)

This proves the assertion (0.16) and (0.18).

Case 2. a transient.
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In order to establish the convergence of (X (¢)) for ¢ — oo we shall need
below the following two facts (here u is again a homogeneous ergodic law on
(2(]0, 1]))® with marginal mean measure 6).

(3.31) T = Moo

Z (xe1(0), f) -+ (xen(0), NP(Zy (1)=&, ..., Z,(2) = &™)
(3.32) @....¢en
— (6, /)", u-probability.

The last relation follows from the fact that (x;(0), f)zcq under u is a homoge-
neous ergodic field with mean-value (6, f) (cf. abstract L2-ergodic theorem in
Fleischmann (1978)). The first relation is (3.13). Furthermore note that due to
the transience of a (see (3.12)) it is easy to show using characteristic functions
that the probability of the event that a random walk with transition kernel a
starting in ¢ hits €% = (0, 0, ...) tends to zero as d(¢, £0) tends to infinity.
Hence

P(neo = {{1}, ..., {n}}In' =&, ..., y" =¢&",
(3.33) mo={{1},....{n})) — L

Now we are ready to start the proof. Observe that in (3.16) the distribution of
a single Z;(;(¢) is that of the random walk Z(f). Then combine (3.31), (3.32)
with (3.15), (3.16) and insert this result in the right-hand side of (3.8). Choose
Sf(uy, ..., un)=g(uy)---g(up) andlet j, ..., jiz| denote the cardinality of
the elements of 7., . Then

(oo |
3y i Ji
(3.34) ER (X, ), 2 E [0, &),
=
This proves that, for every u € 5, the process starting in u, X#(t), satisfies:
there is a v, € P(L([0, 1])) with the two properties:

(3.35) LX) > vy ast— oo,
(3.36) EY(x:, g) =(0, g).
Due to the relation (3.33) we know furthermore
n
(3.37) EV [[(xe» &) il 6, g)".
i=1 ".#j.'"°°

Hence the limit measure vy is homogeneous, spatially ergodic and has mean
measure 6.

It remains to show that vy is an invariant measure for the dynamics. (The
extremality is already a consequence of the spatial ergodicity.) Denote by S(¢)
the semigroup of the process X(¢) and by uy the measure concentrated on the
state (6g)® . Then by the Feller property (recall Theorem 0.0)

(3.38) veS(t) = vg;lg;n ugS(s+1t) = vz-_lgg UeS(u).

Since ug is in 7 (M), the right-hand side of (3.38) equals v, . This shows that
Vg is an invariant measure. This finishes the proof of (0.14), (0.15) and (0.17).
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(c) Proof of (0.68). Note that
Var((xe, 1|(2), &)

- N—zk{ > Var((x (1), g))
& :d(&,8)<k

(3.39) + Y Cov(ixa(D), &), (xen(D), 8))

d¢.,¢'),d¢,e")<k
d',¢")<lk/2)

+ Z Cov(('x{’(t) ) g) ) (xf”(t) ) g))}'
d¢,¢'),d&,¢")<k
d¢',¢">1k/2)
Since Var((x (¢), g)) are uniformly bounded, the first and second terms go to
zero as k — oo uniformly in N > 2. But using the duality relation

COV((X{/(t) P g) s (xé”(t) s g))

— 5 ([ st @w [ sxentoam) - ([ g(u)e(afu))2

.40 =E( / 22(w)0(du)1(m, = {1, 2})

/ g(1)x,y (du) / g (W)X, (du)l(m, = {{1}, {2}}))

- (/ g(u)G(du)) .

But for the coalescing random walks satisfying )", 1/cx < oo (cf. Dawson and
Greven (1993c, 1.40 and Lemma 6.1)), P(m, = {1,2}n} =&, n¢ =¢") - 0
(uniformly for N > Ny for some Np) as d(&', £”) — oo and conditioned on
n, = {{1}, {2}}, d(n!, n?) — oo in probability as d(&’, ¢”) — oo. Hence
Cov({xz (1), &), (xg(2), g)) = 0 as d(&', &") — oo and therefore

Var((xs x(¢), &) = 0 as k — oo uniformly in  and N > No.

4. THE MULTIPLE TIME SCALE BEHAVIOR FOR FINITE SYSTEMS
WITHOUT HIERARCHY IN THE MEAN-FIELD LIMIT N — oo

The major issues we deal with in this section and the next are the following
two problems which arise in connection with the formulation and proof of the
multiple space-time scale behavior. First we have to deal with a sequence of
infinite systems of interacting components, indexed by N, which we analyse in
the limit N — oo, in contrast to the usual situations in which one considers
McKean-Vlasov limits of finite systems. Second we work in fast time scales
B(N)t, not for fixed ¢. In our treatment we shall separate these two problems.
First (in this section 4) we shall investigate an analogous system with finitely
many (namely N) components without hierarchy in a fast time scale Nt, as
N — oo. In the second step in section 5 we shall then extend these results to
treat the system with infinitely many components.
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(a) Definition and properties of the finite system without hierarchy in fast time
scales. We want to reduce the complexity of our system. The idea is to remove
the interaction between components at a hierarchical distance of more than k.
This interaction vanishes if ¢; = 0 Vj > k. These “truncated” systems are
essentially finite systems since all components can be grouped in finite blocks,
which evolve independently. In order to analyse these finite systems we start
in this subsection with the simplest one where k = 1, ie. ¢; = 0 for j =
1,2,3,.... Then we might as well consider only the evolution of one single
block {{¢,0,0,...}/¢ € {0,..., N—1}} and then view this system as one
which has state space (Z([0, 1]))" and write ¢, d instead of ¢y, dp:

Definition. (Y™(7));>0 is the (umque) solution of the martingale problem on

C([0, ), (g’([o 11)Y) given by (Ly,,,). Here with y = (31, ..., yn) €
(2([0, 1)~
N-1
u)(ve (du) — ye(du))
E=0 (/ Z Byg e ¢ )
2
(4.1) +Z/ / g;a , 0)Qy,(du, dv)

where Q) (du, dv) = (ye(du)6,(dv) — ye(du)ye(dv)),
- ﬁ/] uwiz(du) witha €N, ze€P(0, 1]).

The initial law uy is an N-exchangeable measure on (Z([0, 1]))¥ with mar-
ginal mean measure 6 € ([0, 1]); thatis, {y:(0):& € {0,..., N—1}} are
N-exchangeable Z([0, 1])-valued random variables whose joint distribution is
invariant under permutations of {0,..., N—-1}. O

Remark. Similarly, when extending the results of the present section to the
hierarchical system with state space (Z([0, 1]))** we will consider laws uy
which are multi-N-exchangeable, that is, invariant under all maps of the form

(Xe)eeay = (Xrg)ecqy »
where # has the form

&, &, .. E,...)=(1,&, ..., 7&,...) forsomek eN

and n is a permutation of {0, ..., N —1}.

It then follows that, for every ¢ > 0, {y:(¢) : £ € {0,..., N —1}} are
N-exchangeable ([0, 1])-valued random variables. It will turn out that the
behavior of the above system in fast time scales Nt (N — oo) is determined by
the random variable 6" with values in Z([0, 1]) defined as follows (empirical
distribution of types):

N—-1
(4.2) @, 1) = <% > e, f> . VS € Lu([0, 1]).
=0

The crucial results of this section are the following two propositions, which
provide a complete picture of the finite process in the fast time scale Nt . Recall
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that ') denotes the equilibrium of a Fleming-Viot process on ([0, 1]) with
immigration given by 6 (see (0.25)) at rate ¢ =¢g.

Proposition 4.1. Suppose that {N;} C N is a subsequence such that the following
two statements hold for some fixed s € [0, c0):
@)
Z((Om)er+) = Z((0)er)

where (0,);cr+ is a stochastic process with values in £ ([0, 1]) and continuous
paths;
(ii)
LYM(N) = v(s) e P(LO, 1)),
Define P, = Z(6,) and vy = Qoo Iy € P((P([0, 11))%"). Then the mea-
sure v(s) is the law of an exchangeable sequence of Z([0, 1])-valued random
variables with de Finetti representation :

(4.3) v(s) = /9 o P(dp)v,. O

Proposition 4.2. Let (6;)scr+ be the solution of the well-posed martingale prob-
lem (L, dg) on C([0, oo) : L([0, 1])) with

62F(z
LR = 2 [ 2 E D, 0w, dv)
(4.4) with Q.(du, dv) = z(du)d,(dv) — z(du)z(dv) and

F(z)=ﬁ/olu“"z(du), a,eN, meN, zeZ(0, 1)]).
i=1

Then
(4.5) Z((6%)sers) 7 ZL((B)sers). D

Combining these two propositions above we obtain the key result of section
4.

Corollary. Let u be a product measure on (P([0, 11))2" and uy the restriction
to (P([0, 11))N . Choose this uy as initial law of YN(.). Furthermore, (0,);>0
is the process defined in (4.4) and vy the measure introduced in Proposition 4.1.
Then for every t € [0, 0o) :

(4.6) LYNUN) = P(vg,) = / Prob(6, € df)vy. O
N—oo 2(10, 1))

The basic tool for the first proposition is the finite system scheme argument
discussed in 4(b) below based on coupling which we discuss in 4(c), and Propo-
sition 2 is derived via the techniques of martingale problems in 4(d).

(b) Mean-field finite system scheme: Proof of Proposition 4.1. The heuristic
idea is that the density (averages over the components) changes slowly com-
pared to the evolution of the individual components. Hence we expect the
system to relax into the equilibria corresponding to a system in which the
density N~! ¢ Xe(sN + 1) is replaced by the fixed state, namely the measure
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N-1 >_¢ Xe(sN) , on the original time scale 7. To turn this into a rigorous proof
the key idea is to view via periodic continuation (Y7 (¢)) as a system indexed
by Z* rather than by {0, 1,..., N — 1} and compare it with the auxiliary
infinite system (Y °°(¢));>0 on (Z([0, 1]))%" defined below which has indepen-
dent components and each component evolves as Fleming-Viot process with
immigration from source p € ([0, 1]) where p is obtained as the average
over the initial state of the components.

The formal definition of Y*°(z) is as follows. Fix a p € ([0, 1]). We
take as initial distributions exchangeable measures x4 on ([0, 1]))Z" with
the properties:

(i) u is L,(u)-ergodic; i.e. for every f :[0, 1] = R with E*f%(yg) < o0,
the field {(yi, f)}iez+ has the property that

R

i, ) e Eos f) Ly(u) and p-as.
i=0
(i) E(yo, /) =(p, /) Vf € Loo([0, 1]).
D~eﬁnition. (Y°°(2))>0 is defined to be the solution of the martingale problem
(Loo, ) on C([0, o0) : (P([0, 1]))%") with u> satisfying (i) and (ii) and
Yy (P[0, 11)%, y = )iez+:

Ln(F)) = [ / oF (y)<u)< (du) - yi(du))
I€EZ+

(4.7) :
// é’F(”)(u v)Qy,(du, dv)

where

F(y) = H/ u%yi(du), a €N, a;<oo, and

i€z+ iez+
Oy, (du, dv) = y;(du)du(dv) — yi(du)yx(dv). O
We can obviously define the process as well for periodic initial states.

The argument is now based on an abstract scheme developed in Dawson and
Greven (1993b) presented in step (i). So as not to obscure the main ideas of
this argument we use five properties, Lemmas 4.1-4.5 below, which will only
be subsequently reformulated and proved in step (ii).

(i) Abstract scheme. The space #(Z([0, 1])) is compact in the weak topol-

ogy of measures. Hence, given some sequence L(N) with L(N ) < s'N, with

s’ < s, we can choose a subsequence N, of N, (of Proposition 1) such that:
N .

(4.8) < (Y(sﬂ(ﬁk)-L(IVk))) converges weakly as kK — oo,

where B(N) := N. Denote the limit in (4.8) by u. Note that u is exchangeable
since the initial distributions of YV were N-exchangeable measures. In the
sequel we choose L(N) such that

(4.9) L(N)1+00 as N — oo, L(N)=o(N).
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Next by de Finetti’s theorem (cf. Dawson (1993), section 11.2)) we can decom-
pose u as follows (condition on the density):

(4.10) u=[  udap)
2([0,1))
with A € #(£([0, 1])) and foreach p, u, ani.i.d. measure on (Z([0, 1)),

satisfying
E*[f(vo)l=(p, f) Vf € L([0, 1]).
By our assumption on (6¥) we know that:

(4-1 l) 3(031),9,((1\!,()) k—=->>oo Ps(‘) > -?(egf(}vk)_[,(}vk)) k?»oo Ps(’)

by the continuity of P;. The measure A of (4.10) can of course be easily
identified via the L,-ergodic theorem:

(4.12) A<o>=£’(um( ‘ Zyiw)) with Z((y)iez+) = .
=0

n—oo n+l’_

We shall show in (4.26) of Lemma 4.3 below that

(4.13) A() = Fs(-).

Hence we have from (4.10) that

(4.14) w=[  wPp)
2([0,1])

For a system (Y*°(t));>0 with Z(Y*>°(0)) = u, we shall show in (4.18) of
Lemma 4.1 below that

(4.15) LY®(1) = v, ast— co.

Next we shall see in (4.21) that 8 — (v, f), f € C([0, 1]), is continuous
and bounded. Furthermore (Y°°(f));>o is a Feller process. Hence we can
summarize the last two relations to conclude that for .Z(Y>(0)) = 4 we have

(4.16) 2r=0) 3, [vPidp).

To finish the proof we introduce the measure jiy on (Z([0, 1]))%" as the dis-
tribution of the random element obtained by periodic continuation of
YN(sB(N) — L(N)) to (£([0, 1]))2". Denote the process Y°(¢) starting in
fiy by Yg°(t) and by Y(¢) the process starting in x, defined in (4.7). Write
(abusing notation somewhat)

(4.17)

Z(YM(sB(N)) = [L (Y M (sp(NL)) = L (YT (LN
| +[Z (Y2 (L(N))) = L (Y (LN + Z (YS(L(NY))).
We shall prove below (in (4.28) of Lemma 4.4 and (4.29) of Lemma 4.5) that
the first two signed measures converge to the 0-measure weakly as k — oo, while

according to (4.16) the third measure converges to [ v,P;(dp) which finishes
the proof.
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(ii) Key lemmas. It remains now to derive and formulate the properties used
in the argument above. This is the content of the next five lemmata. Some
of the proofs involve coupling techniques. We shall devote section 4(c) to a
systematic development of this method.

The longterm behavior of Fleming-Viot processes on ([0, 1]) with im-
migration is well known (cf. Ethier (1990), Ethier and Griffith (1987), Shiga
(1982)). We can summarize the results in the following statement about the
process (Y °(1))r>0:

Lemma 4.1. Let u be a shift invariant and ergodic measure on (% ([0, 1]))%"
with mean measure p. For £ (Y*(0)) = u, the system (Y°(t)) behaves as
follows :

LEY=W) = v,
(4.18) v, = ® 'y, withT, as given in (0.25) and with y =d/c. O
X€Z*

Some properties of the dependence of the measures above on the parameter
p will be of importance:

Lemma 4.2. Endow ([0, 1]) with the weak topology of measures and define
the map I: ([0, 1]) — (£([0, 1]))%" by

(4.19) 10)=vy, 0€ZP(0,1)]),
and the map & : C(£([0, 1])) = Lo (Z([0, 1])) by
(4.20) F (o) =E"(f(»))-
Then

(4.21) I is continuous.
Define

(4.22)

|l¥ = u|| := inf [/lu —v|l(du, dv):T e 2([0, 1), ;y(T) = v, n() = u| .

If we assume that f € Lo (Z([0, 1])) has the property |f(6) — f(6")] <
L(f)|6 -0, then

(4.23) I# (Ney —F (Nenl < LNHIO-6'|l. O

Proof. If the Lipschitz continuous functions on ([0, 1]) (in the sense of
(4.22)) were dense in C(Z([0, 1])), it would be enough to show the second
relation (4.22). Assume this property of C(Z([0, 1])) for the moment. Now a
coupling argument which also yields the result of Lemma 4.1 is essential. If we
start Y°°(¢) in the states 6, and 0’ respectively, we can define both processes
on one probability space such that

limsup |(Y*(2), f) = (¥7°(0), /)l < LIANIO — o'l

which proves the assertion. The construction of such a bivariate dynamic can
be found as a special case of that which will be given in section 4(c) (cf. Lemma
4.7).
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In order to finish the argument we must verify that the Lipschitz functions
on ([0, 1]) are dense in C(Z£([0, 1])). To do this first note that a Lip-
schitz continuous function on Z([0, 1]) (in the sense of (4.22)) is continuous,
and that Z([0, 1]) is compact in the weak topology. We then apply the Stone-
Weierstrass theorem (Yosida (1980, p. 9)). If f;, f> are Lipschitz functions,
then fi+ f; is Lipschitz with L(f; + f2) < L(f1)+ L(f2), and f, f> is Lipschitz
with L(fif2) < ||l L(f1) + || fillooL(f2) . Clearly the collection of Lipschitz
functions separate points. Hence the assumptions of that theorem are fulfilled.

The next step is to verify the stability property (4.13) of the estimator of
6 with respect to weak convergence. This can be done in either of two ways.
The first method is to consider uy as the restriction to (£([0, 1]))2¥*! of
a translation invariant measure, 4, on (Z([0, 1]))Z and then to apply the
analogue of Lemma 2.3 of Cox, Greven and Shiga (1993). The second method
which we will follow here is based on the property of exchangeability.

Lemma 4.3. Let (y¥)icio,n—1) be an exchangeable family of ([0, 1])-valued
random variables distributed according to uy . Assume that uy = u where u is
an exchangeable measure on (P([0, 11))%" in the sense that, for every k € Z+,
WY, ....¥N)= o, ..., yx) indistribution as N — cc.

Define random variables ¢,¢N on the probability spaces (u,(P([0, 1]))%"),
respectively (un, (Z([0, 1]))0-N), by setting:

(4.24) <¢,f>=1im( 1 Z<y.~,f>>, fec(o, 1)),
=0

n—oo \ n+ 1 4

N-1

(425) @ N=x T 0F N, fec, ).
i=0

Then

(426) 2V = Z9). O

Proof. Choose first a countable dense subset M of C([0,1]). For fe M a
result of Aldous (1985, Proposition 7.20) states that

1 D I
&z (—_N+1§6(yt~’ﬁ> =7 (nll’rgon_'_lgém,ﬂ) as N — oo.

Since the mapping u — f[o,nxﬂ(dx) is continuous on ([0, 1]), and M is
convergence determining the result follows.

The proofs of the next two lemmas will be deferred to a separate section, since
they are based on coupling techniques which we shall systematically develop
there. The first of these lemmas formalises the fact that an infinite interacting
system and a large finite one look similar for long times provided that the
interaction is local enough. We first need some notation.

Let 6Y be the density process corresponding to Y™ (s) according to (4.2).
Continue the configuration of YV(sB(N) — L(N)) to (Z([0, 1]))2" periodi-
cally. The distribution thus obtained is denoted by jinx. Let Yg°(f) be the
system starting with the distribution jiy and with dynamics as introduced in
the beginning of section 4(b), in (4.7), where we set p = OS",’?( N)=L(N) -
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Lemma 4.4 (Comparison of finite-infinite systems). Fix some s € R* and a
sequence L(N) 1 +oco as N — oo but with L(N) = o(N). Assume that (with
Il -1l as defined in (4.22))

(4.27) sup ||6 sB(N il e 0 in probability.
<L(N)

Then for every function f e C((([0, 11))%", R) which depends only on finitely
many components we have (for N > Ny(f)) that:

(4.28) ELS (YR (LNMD] - ELS (X))l = _0. O

Finally some wuniformity in the ergodic theorem for the infinite system
(Y°(#))r>0 is needed, which roughly says that the limits of the laws of the
process for t — oo are a continuous function of the initial configuration so that
we can apply to the situation in which the initial measure changes as a function
of time.

Again we need some notation for the precise statement. Let uy be a sequence
of measures on (£([0, 1]))%" such that, for each N, uy is concentrated
on N-periodic configurations, or is exchangeable, and furthermore under uy,
{ye:£=0,..., N—1} is N-exchangeable. Let x be an exchangeable measure
on (2([0, 1]))Z". Assume that uy = u as N — co. Denote by 6V, 6 the
density correspondmg to uy (according to (4.2)), u respectively. Denote by
YP(1), Y(t) the process Y°(t) defined in (4.7) with p = 6V, respectively
p=20, and started with initial distribution uy , respectively u.

Lemma 4.5. Let L(N) be a sequence with L(N) — oo as N — oo. Then for
every f e C((2([0, 1]))%", R) we have

(4.29) [ELA(YR (LN = ELA(YZ (LN = 0. O

(c) Coupling. In the arguments needed to prove our various lemmata, it is
essential to compare processes starting in different initial states or processes
using different sources 6 for the immigration term. A technique very useful
for these purposes is the so-called coupling of two processes. In the context
of interacting particle systems or interacting diffusions these coupled processes
can easily be defined. In our infinite-dimensional context this is slightly more
complex. We start by introducing a “coupling” of two measures, a concept
which is then used to define a coupling between two Fleming-Viot processes
with possibly different immigration term.

For two elements 6, 0, € ([0, 1]) we shall define a coupling 6 tobe a
measure on (Z([0, 1]))> with (n; denotes projection on the ith coordinate,
i=1,2)

6(4 %[0, 1]) = 0,(4) V4 e€ZB(0, 1]),
6([0, 1]1x 4) = 6,(4) VA4 €2([0,1)),
/ |u—v|6(du, dv) = inf (/ |lu—v|6(du, dv)|0 :mi(6)=0;, i=1, 2) .

Since ([0, 1]) is compact in the weak topology and since (u, v) — |u — v|
is continuous and bounded on [0, 1]*> such a measure 6 exists for every pair
(61, 6;) with 6; € ([0, 1]). In fact we need more, namely that we can find
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a measurable map x on (£([0, 1]))? such that x((6;, 6,)) is a coupling of
(81, 6,) . This can be proved using the measurable selection theorem (cf. Ethier
and Kurtz (1986, Appendix 10)). Denote this map by y and define

(4.30a) 6=0((61, 62)) = x((61, 62))

throughout the remainder of this subsection. Then the Wasserstein distance
between 6; and 6, is given by

160=62ll:= [ lu=vlx(61, 6)(du, dv)
[0,1?

The previous construction extends to the case in which [0, 1] is replaced by any
compact set. However in the case of [0, 1] the Wasserstein distance between
all laws on [0, 1] can be realized simultaneously by random variables, Wy,
with laws, 8, on [0, 1] with Lebesgue measure, namely,

Wy (u) :=inf{v : ([0, v]) > u}, O<ux<l1

(cf. Dudley (1989, page 333)). Moreover this realization induces a continuous
mapping x , from 2([0, 1]) x 2([0, 1]) to L([0, 1]?), given by

(4.30b) x((61, 62)) := Z(Wp, , W,))-

Construction of the coupled dynamics. We begin by coupling the evolutions on
(Z([0, 1]))V . In the sequel we need two types of immigration sources. In the
first case we have constant (in time) immigration source; in the second case they
are time dependent and are functionals of the process they are driving.

We begin by constructing the coupled process when the two immigration
SOUrce processes él(s) R éz(s) are autonomous (that is, they do not depend on
the processes they are driving).

The processes Y;¥(¢), i =1, 2, which we are interested in, solve the martin-
gale problems (L; , v), (Lg,, #) defined below on C([0, o0), (£([0, 1mM).
Here for i=1,2 and Y = (y{){e{o,l,...,N—l} € (Z([0, 1))V, Q asin (0.28):

N-1
l / OFYS)) (4)(8i(s) — ye(s))(du)
=0
32F Y
(4.31) +d// 6%8}(: ) Qyyo(du, dv) |,

F(Y)=H/u""y¢i(du), a;eN, &€e{0,1,..., N-1}.
i=1

The existence of a unique solution to the martingale problems follows from
Vaillancourt (1990, Theorem 4.2) or Handa (1990).

Given the measurable ([0, 1])-valued processes, (éi(S))szo, i=1,2,
from above, the ([0, 1]?)-valued process (0(8))520 is defined via an immi-
gration source given by the coupling (4.30); that is,

0(s) := x(61(s), 62(s)).
We then define the coupled dynamics (Y (t)) = (Pe(t))eeqo,1....,n—1} on the state
space (Z([0, 1]1*))" to be a solution of the martingale problem (L, v ® u) :
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(u=(u1, uz), v =(v1, v3) €[0, 1]*), with

(4.32)
8F (Y (s)) .
lc /[0,1]2 (a—yé(u)>(9(8) — Je(s))(du)

82F (Y(s)) ~
+d/[o P /[0 112( 0y:0¥; (u ’”)> Qk(s)(du,dv)]

. N-1
LyF(Y(s)) =
&=0

and
_ k
F@) =] / Wl (duy, dus),  mi,m €N,
i=1

Oy, (du, dv) = Pe(duy, duz)dw, ,uy(dvy, dva) — Pe(duy , duz)ye(dvy , dvs)
with y € ([0, 1]*) and Y(¢) = (F¢(1))eeq, - O

The existence of a solution of the above martingale problem follows by view-
ing it as a Fleming-Viot process with time inhomogeneous immigration on
Z([0, 11?) and following the existence argument of Dawson and March (1993,
sections 4 and 5). Although we do not require the uniqueness, it can be proved
using the time inhomogeneous dual process as in Dawson (1993, section 5.7).

Now we turn to the nonautonomous case in which each process 6;(s) =
6i(s, YN(s)), i =1, 2, is either autonomous (i.e. does not depend on Y(s))
or is of the form

(4.33) bi(s, YN(s)) = 0(Y(5))
with (YY) defined according to

B(Yy, < Zy,, > vf € C([0, 1)

and where YV(s), Y;¥(s) are processes on (Z([0, 1]))¥

We now consider the corresponding coupled martingale problem for a process
(Y(¢2)) with state space (Z([0, 1]?))N associated to the operator of the form
(4.32) but in which

6(s) := x(61(s), 62(s))
with #; now either autonomous or given by (4.33) but with YN replaced by

Yi:=m; o?N . We can then obtain the existence of a solution to the correspond-
ing coupled martingale problem (4.32) by following the method of “local freez-
ing” as in Dawson and March (1993, section 5). To do this we construct a se-
quence of approximating solutions YN’M(I) , MeN, te[0, T]. The process
7YY is obtained by first solving the martingale problem of the form (4.32) on
the time interval [0, T/M), M € N, using the constant coupled immigration
source x(1(0, ¥} (0)), 6,(0, Y5 (0))) which can be done as above since these
are autonomous in this interval. The resulting fixed coupled solution at time
TIM, x(0(T/M, Y, Y (T/M)), 6,(T/M, ¥y ™(T/M))), is then used as
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the coupled immigration source on the interval [T/M , 2T /M) and so on. Tak-
ing the limit as M — oo, noting that the mapping ¥ — x(6(n,0Y), (n,07))
can be chosen to be uniformly continuous (recall (4.30b)), and using a compact-
ness argument as in Dawson and March (1993, section 5), we obtain a solution
to the coupled martingale problem associated with (4.32), (4.33).

Remark. The construction can be extended to (Z([0, 1]))2" by using the
method of section 1. Furthermore, Lemmas 4.6 and 4.7 below will still hold.
We do not elaborate on the straightforward details here.

Lemma 4.6. The “marginal” processes Y ;(t), i = 1,2, associated to the solu-
tion, Y(t), of the coupled martingale problem (4.32) satisfy

(4.34) Z((Yi(5))s20) = L ((Yi(8)s20),  i=1,2,

where Y;(t) is the unique solution to the martingale problem (4.31) in which
6i(s) is either autonomous or of the form (4.33).

Proof. Note that éy(du, [0, 1]) = Gy, (du). Then if in (4.32) we consider
only the functions F corresponding to the case n; = 0, then LyF (Y(s)) =
Ly F(Y1)(s). This implies that m; o Y solves the martingale problem Ly, .
The result then follows from the uniqueness of the solutions to the martingale
problem (4.31). (The uniqueness for either choice of ;(s) follows by duality.)

Remark. Note that for 6, = 6, the measure 6 is concentrated on the diagonal.
The next objective is to investigate how far y;(¢) is from a measure concen-
trated on the diagonal. If we choose v and u as N-exchangeable measures on
(Z([0, 1]))V, then the law of Y(¢) is N-exchangeable for every ¢ > 0 and it

suffices to study the associated empirical measures:
| M=l
EN(s) := N 2_ O (SB(N)) € Z(Z(0, 1)),
&=0
and
E>(s):= 1'35 € P(L([0, 1])).

In order to obtain a measure of how far y.(#) is from a measure concentrated
on the diagonal we define

lN—I
ht)=E |~ / 1 — walpe(t) (duy , dus) |
Ncgo [0’1]2 1 21V¢E 1

(4.35)
g0 = [ | w—wld0dur, du)].
Lemma 4.7. Under the assumptions described above:

(4.36) h(1) = h(0)e~" + / "eb-0g(s)ds. O
0

Proof. Define the function H; on ([0, 1]%) for fixed £ € {0,..., N—1} as
follows:

(437) He) = [ =t duo)
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Then
OH
4.38 —(P)(u) = |uy — uy|.
(4.38) 5 P = i = 0
Now use (4.32) for F = H; to get the differential equation (recall (4.35)):
(4.39) h(t) = g(t) = h(1),

which has the unique solution given in (4.36) for every initial point.
Now we are ready to prove the two lemmas still open in section 4(b).

Proof of Lemma 4.4. We shall apply our coupling results. For each N we set
in (4.31)-(4.32) 6,(¢t) = OgB(N)_L(N), v = iy and 6,(¢) = Gz(n’;(N)_L(N)“),
u = jiy . Then we get by (4.32) a coupled dynamics with marginals Yg°(¢) and
YN(¢). Denote by gn(t), hn(f) the quantities introduced in (4.35) for this
process. Then the assumption (4.27) gives in (4.35) that for N > Ny(e)

(4.40) gn(t)<e Vit < L(N).

Hence according to (4.36)

(4.41) hn(L(N)) < hn(0)e ™ 1 & YN > Ny(e)
so that (using L(N) — oo as N — o)

(4.42) th(L(N)) <e.

Since ¢ is arbitrary we can obtain the final result that for all fixed £ and
functions f € C(£([0, 1])), which are Lipschitz as well,

IE(fOR (LIN) = E(f(E (sBNN = 0.

Then the assertion follows by a standard argument. (Use the fact that Lipschitz
functions on ([0, 1]) are dense in C(Z([0, 1])); see proof of Lemma 4.2.)

Proof of Lemma 4.5. Again apply the coupling result with 6,(z) = 8V, 6,(t) =
0, v=uy, u=u in (4.32). Compare the remark following (4.33). Then we
get from the fact that 6V, 6 are constant in time and Z(6V) = £ (0) (the
latter follows as in Lemma 4.3), the relations:

gN(t) =gn(0) Vte R*,

(4.43) en(0) = 0.

As in (4.40)-(4.42) the proof above this yields the assertion.

(d) Convergence of the density measure process: Proof of Proposition 4.2. The
proof is based on Proposition 4.1. The heuristic idea is the following. Since
the density changes only slowly in time, the components relax before that into
the unique equilibrium (spatially ergodic) corresponding to the fixed density.
Hence the density process becomes Markov in the limit and its mean square
displacement can be obtained by averaging the mean square displacement of a
single component with respect to the equilibrium corresponding to the actual
value of the density.

The proof proceeds as usual with such statements, in three steps. We first
establish tightness; then we derive a martingale problem which any weak limit
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points must satisfy and finally show that this martingale problem has a unique
solution on C([0, o0), ([0, 1])).

We start by formulating the key results of each of these three steps in three
lemmas which imply Proposition 4.2 and will be proved one by one. Recall the
definition of EV(s) above preceding (4.35).

Lemma 4.8. (a) For f € C([0, 1]), the sequence

S 1
{Sf ( | % 3 Varewsn (N du, <0§)’3(N),f>) }
¢ sER* 7 NeN

is tight in C([0, o), R?).
(b) The sequence {Z((0[ n))ser+)}nen is tight in C([0, o0), Z([0, 11)).

(c) The sequence {.?(fO'(EN(s) ds)ier+)}nen is tight in C([0, o0),
P10, 11).

Lemma 4.9. Suppose that (Ny)ien is a subsequence such that
(4-44) 3((034‘(1\1,()).;6]!*‘) k_—_?oo 3((05)361R+)'
Then for every f € C([0, 1]):
(1) ((6s, f))ser+ is a continuous, square integrable martingale.
(ii) ((6s, N?*— f, Pr(6:)dt)i>0 is a martingale, where

cd cd
a2 [, L T @, dv) =255 Vara()

D,(6)

and
Qy(du, dv) = 0(du)d,(dv) — 8(du)f(dv). O

Lemma 4.10. (a) The following martingale problem on C([0, oc) : ([0, 1]))
has a unique solution (weak ) (with the notation of the previous lemma). For any
feC(lo, 1))

(1) ((Bs, f))ser+ is a martingale with continuous paths, and
(8, N*— [, r(6,) dt)s>0 is a martingale.

(i1) The solution of the above martingale problem is the Fleming-Viot process
on P([0, 1)) defined in (4.4). O

The combination of Lemmas (4.8)(b), (4.9) and (4.10) proves Proposition
4.2.

The crucial property in proving the results in the above lemmas are the fol-
lowing facts (1) and (2) which allow the reduction to real valued processes
(diffusions).

(1) Let A, be the process on ([0, 1]) solving uniquely the martingale
problem (L, dy) with L defined on functions F of the form

m .
Fa=I1 [ waw@n, e, 1), men,
=170
by

_ [ ['9F(4) '
(4.45) L(F)a) —/0 /0 m(u, v)Q4(du, dv), Ae»([0, 1)),

Q4(du, dv) = A(du)d,(dv) — A(du)A(dv).
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Then for every f € C([0, 1]) consider

F2(4) = ( / F(u)4 du) . FMA)= / Flu)A(duw).

One calculates, for every f € C([0, 1]),

BFf 8F2
(4.46) EVEY =0, 8A8A(u v) =2f(u)f(v).

Hence (4.45) implies

(4.47) ({(A4¢, f))e>0 is a martingale with continuous paths;
t
(4.48) (((A, , N - / D/(4s) ds) is a martingale,
0 >0
where

o) =2 [ [ £607w)Qu@u, av)
(2) Let X, Xy € C([0, o0) : ([0, 1])). Then
(4.49a) X, = X as n — oo iff ((Xa(s), ))s>0 = ((X(5), f))s>0 in
the topology of C([0, oo) : R) for every f € C([0, 1]).
Similarly, if X, Xy € C([0, o0) : Z(£([0, 1]))), then

(4.49b) X, » X as n — oo iff for every integer k and fi,..., fy €
c(fo, 1])

k k
(<Xn(S), Ik, ﬁ)>) - <<X(S), TIu, ﬁ)>)
i=1 >0 i=1 >0

in the topology of C([0, o) : R).

Both facts (1) and (2) together allow us to “reduce” the problem to real-valued
processes, which are square integrable martingales and related questions were
treated in Dawson and Greven (1993c).

We proceed now by successively proving Lemmas 4.8-4.10.

Proof of Lemma 4.8. Using (4.49) the proof of (c) is straightforward, and (b)
follows immediately from (a) which we now verify.
For 6 € ([0, 1]), f € C([0, 1]) define:

(4.50) Fj(8)=(0, 1), F}©6)=(8, N>

By the definition of (6Y) and (4.1) we obtain the following expression for the
generator (which is denoted by Gy) of 6N applied to Fi o i=1,2 (recall

(4.1)):

1
(4.51) GnF}(8)) = N Y Lw(Fuy =0
¢=0

2



INTERACTING FLEMING-VIOT PROCESSES 2325

where we used (4.45). With this result we calculate
(4.52)

Z

1

Ly(F f2 o)

™

N-1
=% d(()’c,fz)—((J’c,ﬂ)z)=% (%Zd'Varyt(f)).
¢=0 ¢
Hence we have
(4.53) NGNn(F'(6Y)) =0, NGn(F2(6Y)) = _11\7 > d-Var,(f).
¢

Therefore ((OQ’,( N> f))s>o0 is a square integrable martingale with increasing pro-
cess given by

(4.54) (]s %Zd-Varye(uﬂ(N))(f) du)
LR

This sequence of increasing processes is uniformly equicontinuous and hence
relatively compact in C([0, o0)) by Arzela-Ascoli. This implies the tightness
of

5>0

(/0 %;varyf(uﬂ(h’))(f) du, ((B5p) » f)))
SER*

via the representation (4.55) below. Namely the relations (4.52) and (4.53)
imply that we can represent

1
(4.55) (0;2(1\,) , f) =w (2‘/‘0 N ;Vary{(up(m)(f) du)

where w(-) is a suitable Brownian motion.

Proof of Lemma 4.9. It suffices to prove for a subsequence {Nj} satisfying
(4.44) and f € C([0, 1]) that

|
(/0 A %:Varyc(up(zvk))(f) du, (039'((1\’:()))

(4.56) 520

s>0

Tightness of the pair has been proved in Lemma 4.8. Moreover Proposition 4.1
proves that

< (Nik EvarYC(uﬂ(Nk))(f)) = L (E"(Vary,(/)));
4



2326 D. A. DAWSON, ANDREAS GREVEN, AND JEAN VAILLANCOURT

that is, the one-dimensional marginal distributions of the integrand in the first
component converge to the appropriate limit. Once we have established (4.56)
it will remain to show that (x € ([0, 1]) is the integration variable)

(457 Er,(Vare() = 2 Vany(1)

This will be done in section 6; see equation (6.8).

Hence it remains to verify (4.56). In order to do this we could follow Dawson
and Greven (1993b, section 3). There is however another approach pointed out
by T. Shiga and worked out in Cox, Greven, and Shiga (1993) for lattice models.
Roughly speaking, the idea is to prove that the process of empirical measures
(Jo EN(u) du)s»o converges to the process (fo I'y du)s>o and then to use the
fact that the increasing process of (6¥);>¢ is a continuous functional of the
process of ( fg EN(u)du)s>o . Formally, we develop this approach in two steps.

Step 1. Define the empirical measures

| M=l
(4.58) EN(s):= i > yspvy € P(Z(10, 1)),
&=0
and
(4.59) E>(s):=Tg € P(2([0, 1])),
and note that, for f € C([0, 1]), we have the representation
(03%(}\1): f) = <V’ f)EN(S)(dV)’
2([0, 1))
(4.60) | N

N Z(:)Varye(sﬂw»(f) = /9’«0,11)[(1/’ 12 = (v, NEN(s)(dv).

Furthermore for ® € 2(Z([0, 1])), (Ps)s>0 € C([0, o), P(Z([0, 1]))), g €
C([0, 1]) and T € R* the maps

(4.61) <D-—+/(1/,g)d)(du), and(b—»/T/[(V,gz)—(u,g)z]CD(du)du
0

are continuous.

Hence by combining (4.60) with (4.61), the relations (4.56) will be implied
by the (stronger) result
(4.62)

<z ((/OS EM(u)du, G‘N”k‘”“)szo) =2 ((/os E*®(u)du, es)szo) :

Step 2. The verification of (4.62) is achieved with coupling techniques. Since
tightness of the sequence ( f(f EN(u)du)s>o is known from Lemma 4.8, it suffices
therefore to identify the finite-dimensional distributions. Suppose that for the
given subsequence {N;} we could define (EM(s));>0 and (E>(s))s>0 on one
probability space such that for every F € C(Z£(£([0, 11))), s €[0, o),

(4.63) E|F(EM(s)) = F(E>(5))| 05
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then we would be done. In fact, it is enough to verify (4.63) for a dense subset
of C(£([0, 1])), in particular the set of Lipschitz functions. The latter is now
achieved by bringing into play the coupling results of section 4(c).

Define a probability space on which ({(03;"( Nk))sZO} , (65)s>0) are defined and

Bgs"wk) converges a.s. to 6; as elements of C([0, o0), ([0, 1])). (Recall
(4.44).) Now in order to check (4.63) for some fixed s € R* we introduce a com-
parison process ()7” (#))r>0 - To construct this process we need a sequence T(N)
increasing to infinity as N — oo and T(N) = o(N). Then let Y¥(¢) be the
following modification of YV (). In the time interval [sB(N) — T(N), sB(N)]
we observe first YV (sB(N) — T(N)) and then we replace the process in this
time interval by the solution to the martingale problem (Lg( N> 1) (see (4.32)),

where u is the J-measure on YV (sB(N)— T(N)) and
(4.64) 6(N), == Bﬁg(N)_T(N) , forsB(N)-T(N)<t<sB(N).

Define E¥(s) by the analogue of (4.58) for YV (2) . Using the existence of the
coupled dynamics established above we can in fact construct YV (¢) and YV (t)
on one probability space. The idea is now to compare the pair EN(s), E*(s)
by comparing the pairs EV(s), EN(s) and E¥(s), E®(s). To execute this
comparison we first observe that since on our basic probability space

(4.65) (Ogfin)s20 , = (Bs)sz0 in C([0, 00), 2([0, 1), as.,

we know that
(4.66) sup [|6;% —6(Ne)ll — 0, as.,
teI(Ny) k—o0

where I(Ni) = [sB(Ni) — T(Ni), sB(Ni)) . Let {%()}eqo....n,—1) denote
the coupled version of Y™«(z), Y™() constructed with generator as in (4.32)
but with 6(¢) = x(O,N", O(Ny):), t € I(N;). Then by our coupling result
(Lemma 4.7) we conclude with (4.66) that for every Lipschitz function F on
P[0, 1])):

E|F(E™(s)) - F(E™(s))|
Ne—1

1
< const-E | — / Uy — U |Pe(sB(N))(duy , du
(4.67) ns Ny g [0,112| 1 — Wa|pe(sB(Ni))(duy , duz)

< const- sup E|8M —G(N,)| — O.
t€I(Ny) k—oo

On the other hand since I'?

8 N)(~) is the equilibrium of the process defined by the
martingale problem (L(;( Ny u), and since I'?

v = Iy by (4.65) and Lemma
4.2, we can prove with the same coupling techniques that for every Lipschitz
function F on L (£([0, 1])

(4.68) E|F(EM(s)) = F(E>(s))| .0

Finally, note that (4.67) and (4.68) can be.extended to all F € #(£({0, 1]))
(using the fact that the Lipschitz functions are dense). This shows that, con-
ditioned on 6, EM«(s) converges in probability to I"gs . Therefore for every
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f e C((0,10), [ f(WEN(s,du) — [f(W)E>(s,du) in probability as
k — 0o and

[ 1w [ B dwds— [ [ B, duyds

This yields (4.62) and therefore (4.56). This completes the proof of Lemma
4.9.

Proof of Lemma 4.10. There exists a unique solution to the martingale problem
(i), namely the Fleming-Viot process on ([0, 1]) (see (4.44)) which is time
changed according to ¢ — (c%jt (cf. Dawson (1993, Theorem 5.7.1)). This
completes the proof of Lemma 4.10.

E

— 0.
k—o00

(e) Extension. At this stage we would like to point out that a generalization
of the results of this section can be obtained by a slight modification of the
arguments above in order to apply them to systems with any finite number of
levels in section 5.

Let f denote a bounded continuous function on (£([0, 1]))" and B(N)
a sequence of bounded operators on C([0, 1]?). Consider the operator Ry
defined as follows:

Ry(F)(y) = [g/ol /; [B(N) (w)] (u, v)Qy (du, dv),

(4.69) 0ye0ye

y=(J’1,---,)’N)-

Consider now the perturbed system defined by replacing the generator in (4.1)
by

(4.70) Ln =Ly +Ry.
Denote the corresponding system by (Y¥(1)).

Corollary. Assume that |B(N)|| — 0 as N — oo. Then the assertions of Propo-
sitions 4.1 and 4.2 still hold for the perturbed system (YN (1)).

5. THE MULTIPLE TIME SCALE BEHAVIOR OF INFINITE INTERACTING SYSTEMS
IN THE MEAN-FIELD LIMIT

In order to derive the multiple time scale behavior (Theorem 0.2) for the
infinite hierarchy of Fleming-Viot processes we proceed in three steps. We first
use the results from the previous section to treat the finite model with two
levels. In a second major step we treat finite systems with an arbitrary number
of hierarchical levels and thirdly we build on this a treatment of the infinite
hierarchy. This program is carried out through a sequence of three propositions,
namely, Propositions 5.1, 5.2, 5.3. Furthermore in subsection 5(d) we derive
in Proposition 5.4 the tools to prove Theorem 0.4. In section 5(e) we finally
complete the proof of Theorems 0.2, 0.4 and in 5(f) prove Theorem 0.10.

(a) Finite two level models. We define now a process (YV:2(¢));>0, the
two level finite system, on the state-space (Z([0, 1NMEN) M2, N) =
{0, ..., N —1}? via the martingale problem (Ly ;, uy) defined as follows.
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We introduce the notation y = (ye)eem(2, ) (él ,&),and &°:=(0,0),

¢lk]:={¢' e M(2, N)|d(¢,¢') <k} and )’€,k = W Leeen Ve -
(5.1)

L= ¥ ([ <>(z ) -y

¢EM(2,N)
02F(y)
+d / / Sy (o V)0 (du, dv)

with Q) (du, dv) = ye(du)d,(dv) — ye(du)ys(dv), and

nool
F(y) = H/ Jeiy(W)yeqy(du) ,
i=1 Y0
where fip € C([0, 11), &(1), ..., &(n) € M(2, N).

The existence and uniqueness of that martingale problem is an immediate
consequence of Theorem 0.0, since it can be viewed as a special case where

c3=c¢c=---=0.1If € M(2, N), then
N-1 N-1
(52) W= Nny. e and ¥, =1 Y,
&= $2=0

Recall that (&, &) identifies the &,th individual in the &;th family and there-
fore y?{ , denotes the average of the ¢{th family. Finally recall the processes

Z,e’k , the measures u’; *J and the numbers (dx)ken introduced in section 0(d).
Now we are able to formulate the result for the two level model, which is the
extension of (4.6) in the last section to two levels. Recall the definition of the

stationary process Z,e‘k in (0.d).

Proposition 5.1. Assume that the initial measure uy satisfies

UN = ® ue wzth/ y) =6.

EEM(2,N) 2(0, ‘1)
Then
(5.3) L (1) er) N O(v,=6} »
(5.4) LN serr) = ZL(Zo)sere)

where Z, is the solution of the martingale problem (L, 8g) with

1 1 92
LFo=d: [ [ 32w, v)0:(du, dv)

(5.5) LG8 6N +tN))ers) = L(Z5 ! (0)ere)
(5.6) LGN + Ders) (= L(Z%E20)iere)-

In (5.5)-(5.6), conditioned on 0} (s) =0, {Z%*(t)},cr+ is a stationary Fleming-
Viot process with immigration source 0 (as defined in section (0.d)) independent
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of {0;(s")}ser+ . In addition Z(0;(s)) = vy, Z(6 = [uy'vs(dp),
ZL(Zs) and u}," is as defined in section (0.d). O

Remark. The statements (5.4)—(5.6) remain valid if on the right-hand side we
replace sN? by sB(N) where limy_o, f2(N)/N? = 1. We shall write f,(N)
for such a function and f;(N) for N in this subsection.

Proof of (5.3). the analogous argument to that in (4.49)-(4.53) yields that for
every fe€ C([0,1]):

(5.7)
((yév) 2(tB1(N)), f))ier+ is a continuous martingale with increasing process

(5.8) 5 /

Since by assumption on uy and by (5.7)
LY BN, N) = S0.p

and since furthermore the expression in (5.8) converges to 0 uniformly in
s € [0, T] for every T > 0, we know that for all f € C([0, 1]) (recall the
representation (4.55)):

(5.9) Z(Wf2(tB1(N)), ))ier+) e Syw=(8, N}
This implies (5.3).

Proof of (5.4). As above we have that ((yé"’ ,(tB2(N)), f))ier+ is a martingale
with increasing process

N2 Y Var, g (f)| du.
{eM(2,N)

(510) A I:% Z Val'y((uﬂz(]v))(f) du.

{eM(2,N)

As in the proof of Lemma 4.8, (4.54)-(4.55) we conclude that, for every f €
C([0, 1]), the sequence {Z(((y},(tB2(N)), f))r=0)} is tight.

It then remains to show that any limit point of {.& (((y?{ ,(tB2(N)), MN)i=0)}
solves a well-posed martingale problem. This is achieved by showing that each
weak limit point solves the martingale problem (L, dy) defined in (4.4) where
we set ¢ =c; and d = d, (defined in 0(d), (iii)). The fact that this martingale
problem is well-posed was established in Lemma 4.10.

The first step in the proof that a weak limit along a subsequence {N,} satisfies
the martingale problem is to prove the weak convergence of

(YN-2(sB2(N) + 1)):20
along the same subsequence. However the latter result will be shown in the
proof of (5.5) using only the tightness part of the current proof.
It then remains to show a weak limit point of & ((yg"z(sﬂz(Nk)))szo)

as k — oo solves the martingale problem (L, dg) using the convergence of
YV:2(sB,(N) + t) along the subsequence N . The processes

{J’év,"z (8 B2(Ni))s>0}ken
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are martingales with increasing processes

S |
{ (/ NZ Y Var, qusmy(f )du) } )
0 Tk ceM(N,2) 50 en

In Lemma 4.10 we gave a reformulation of the martingale problem (L, dg) in
terms of a martingale problem involving the increasing process. According to
this reformulation it suffices to show that the pair (increasing process, process)
converges in distribution to the pair (x is the random variable over which we
take the expectations)

S
([ &, (vartmau, @, n)

0 ¥ 5>0

The key tool here is again to consider the empirical process of YV, to view
the above pair as two continuous functionals of this empirical process and then
to construct a coupling between the empirical processes for fixed N and the
conjectured limit process as N — oo. Exactly this construction was given in
the proof of Lemma 4.9 ((4.58)-(4.68)) and we refer to that proof for details.
This establishes (5.4).
Proof of (5.5). This is concerned with the process describing the average over
a family yg () with & = (£;, &). Due to the homogeneity of the process
we can focus on yé‘f ,(t) for some fixed £. When considering a single fam-
ily we will choose the point ¢ = &0 and define the set I(2, N) := &O[1] =
{¢eM(2, N)|§,=0}.

We use here the characterization of our processes as solutions of martingale
problems. The proof is broken into steps. In steps 1, 2 we give two key lemmas,
Lemmas 5.1, 5.2, giving tightness, respectively the martingale problem charac-
terization of the limit. The proof of Lemma 5.2 is involved and proceeds in
steps 3-6.

Step 1. Note that for each N the process {yg 1(H)}s>0 is a continuous Z([0, 1])-
valued process. The first step is to verify that:

Lemma 5.1. For every s € R* and for a fixed & € {0, ..., N—1} the sequence

(5.11) {LF 1 (sBa(N) + tB1(N))rer+) } Nen

is relatively weakly compact in C([0, o), ([0, 1])). O

Proof. To prove this is suffices to show that {F (yé‘t 1 (8B2(N)+1B1(N))ser+)} NeN
are relatively weakly compact in C([0, oo), R) for continuous functions F :
2([0, 1]) — R of the form F(z):= ({(z, f)*, f€ C([0, 1)), ke {0, 1,...}.

Define Ky F to be the function from (£([0, 1]))/-¥ to R defined by
(KNF)(Y©0,0) +++ s YN-1,0)) = F(Yeo 1)-

For the function F(y) = ((y, f))* this becomes

N-1 k
1

(5.12) F(yg,l) = (KNF)((yf)EEI(Z,N)) = W Z H(y(.fl(l)‘()) i f)
&i(1),.... &1 (k)=0i=1
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Next observe that the process (yg({ 1(D)r>0 1s a functional of the two level

system defined as the solution of the martingale problem (ZN,Z , un) defined
in (5.1). Therefore, the process (yé}{’ 1(D)er+ satisfies the martingale problem

(I~,N,2 onyo Ky, uny) with uy = .?(yé‘{l(O)) on the probability space of the
interacting system and where ny is the embedding of /(2, N) in M(2, N).
More precisely, for every F and fixed & = (§,, 0),

(P01 = [ In o mn(KFY0F 6Decnam ds) .

is a continuous martingale.

For every F of the form considered it is easy to check by explicit calculation
(compare (5.16), (5.17) for an expression for the first and second derivatives of
F) that

(5.13) Bi(N)Ly 207 0 Kn(F)y) < CellfIE, Vy € ([0, 1]) and all N € N,

We will insert the following two special choices for F : F(z) = (z, f) and
F(z) = (z, f)? with f running through a dense countable subset of C([0, 1]).
We see that the local characteristics of the semimartingale (F( yg’ {(EB1(N))))i>0
are bounded on compact time intervals uniformly in N . Hence again (see (1.1)
in section 1) by the tightness criteria of Joffe and Métivier (1986, Proposition
3.2.3) the claim in (5.11) follows since the functions chosen form a countable
dense subset of C([0, 1]). This completes the proof of Lemma 5.1.

Step 2. Recall that (Z,o’ );cr+ is the unique solution of the martingale problem
(Lg,1,T}). In this step we will verify that (5.5) would follow from the two
convergence statements in the next lemma.

Lemma 5.2. (i) For every p, p € ([0, 1]) we have that every weak limit point
of the sequence
(5.14a)

{L W (SB2AN) + 1Bi1(N))i20) ¥ 2(sBa(N)) = p, ¥f ((sB2(N)) = p}nen

(compare (5.11)) is a s~olution of thf well-posed martingale problem (L, |, d;).
(ii) Let v(s) = L (Zs) where (Z;) is defined in (5.4). Then

(5.14b) L1 2(sB2(N))) Fadd O

We will now complete the proof of (5.5) assuming the results of Lemma
5.2. This involves proving that Z(y{ (s, f2(N))) e JT,vs(dp) and that,

conditioned on 6;(s) = p, {Z 9.k(£)},er+ is a stationary Fleming-Viot process
with immigration source p independent of {6;(s")}scr+ . Not too much detail
will be provided, since we shall follow closely the proof of Proposition 4.1, in
particular (4.8)-(4.17). (Note that (5.14b) plays the role of assumption (i) in
the statement of Proposition 4.1.) Pick a sequence L(N) t oo, L(N) = o(N)
as N — oo, and consider the times sf,(N)— L(N)B,(N). The first observation
is that by (5.14b) and the continuity of v(s) (recall Z; has continuous paths)
it follows that

Sup Ve 2(sB2(N)) = y£ 5(sB2(N) = L(N)Bi(N)1)]
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will tend to O in probability. Next consider a weak limit point of
{ZL 18 1 (sB2(N) — Bi(N)L(N)))}nen-
Now proceed as in section 4, and use the Markov property to write

Z¥E 1 (sP2(N)))

as the result of the evolution through time O up to time S;(N)L(N) start-
ing in the configuration y?t 1(8B2(N) — Bi(N)L(N)). Now follow the argu-
ment of section 4(b), (i) (abstract scheme) found in (4.8)-(4.17) to show that
Z(y# |(sB2(N))) converges to [T)v;(dp) (and note that this is independent
of yé‘t 1(8B2(N)— Bi(N)L(N)) . The conditional independence of {Z%*(¢)}er+
follows from the uniqueness of the Fleming-Viot martingale problem with immi-
gration source p . This implies that the joint law of y} ,(sB2(N)), ¥} | (sB2(N))
converges to [J, ® I‘,‘,us(d p) . In following the proofs of section 4, we replace
Lemma 4.4 and Lemma 4.5 in the argument preceding (4.17) by (5.14a) (with
sB2(N) replaced by sB>(N)—L(N)B(N)). This completes step 2 and the proof
of (5.5).

Step 3. We now begin the verification of Lemma 5.2. Since (5.14b) was proved
in the proof of (5.4), it therefore suffices to prove (5.14a) assuming that (5.14b)
is true. This will be done in steps 4-6 below. We first reformulate the assertion
(5.14a) in a form more suitable for calculation (see e.g. Ethier and Kurtz, (The-
orem 8.10)). The assertion (5.14a) is implied by: (recall that L, ; generates
Zr (1))

(5.15)

T ~
/0 (Ln,207n o (KNFY0Y dtem,n) — Ly FO DIsBN)) + tBi(N))) dt

— 0 in probability.
N—oo

The proof of (5.15) is given in various steps. First, in step 4 we give an explicit
representation which we then analyse in the limit N — oo in steps 5 and 6.

Step 4. We start by calculating ZN,zonNo(KNF) in explicit form. Let &(1),...,
¢(k) be a fixed collection of elements of M(2, N). First observe that with
u,vefo,l1]:

0 if&g{EN), ..., &K},

k k
(5.16) [ai (H(Y:(i) , f))] (u) =< nf(u) H (Veiy s h
7 \is v i#5()
if&e {1, ..., ¢k},



2334 D. A. DAWSON, ANDREAS GREVEN, AND JEAN VAILLANCOURT

where j = j(£) and n = n(&) are defined by j = min{i : & = &(i)}, n =
[{i:8() =&}

(5.17)

92 (&
[5}?87; (g()’e(i) , f))] N (u, v)

0 if&g{&1),..., &k},
0 if&=2¢(),E00) #C(),J#1,
= k
n(n—1)f)f@) | I Wew,.N) |, otherwise,

i#j,t
i=1

where again j = j(&), £ = £(£) are the two smallest indices with & = £(j) =
¢(¢),and n=n(&)=i: é(l) =&}

Recall that we are using & = (£, 0) and I(2, N) = {£ € M(2, N)|&; =0}.
Using (5.16), (5.17) we get the following explicit representation of the generator
for the process in the fast time scale:

(5.18)

N-Ly jonyo(KyF)

1
=m- Z

$(1),....4(k)el(2, N)

[{ Y > Igeww...&op

§'el(2,N)¢el(2,N)

1 k
N-. (/0 ”cNO(Y.ff(du) - yf(du))f(u)> (E(Y{(f) s N1 e ﬁ) }
+ { > Y et con

§€I(2,N)¢'eM(2,N)

1 k
-N-/o %(ygf(du)—yc(du))f(u)(H(yg(i),f)/(J&pf))}
{ 2. N //”(”-‘)f(“)f(”)l{ee{c - &k} Qe(du, dv)
¢€I(2,N)

k
. (H(Y.f(i) s Nves ﬂz) }]
i=1

Recall n = n(¢) and that n(n — 1) is equal to 0 if ¢ does not appear at least
twice in the collection {&(i)};-;, . « . The expression on the right-hand side of



INTERACTING FLEMING-VIOT PROCESSES 2335

(5.18) equals the quantity Iy defined below (the co-sum is equal to 0!),
(5.19)

1N=$ >

¢(1),....¢(k)EI2, N)

1
) [{ Z (/0 (% Z (Ve (du) -yc(du))) l{ce{c(n),...,c(k)}}f(u))
&el2, N) EeM@,N)
k
. ((H(J’zf(i) , ﬂ) /(e ﬁ) }
i=1

1
+ {N Z ("(ﬂ - 1)/ S@)f(0)geqeq), ... ek Ce(du, dv))
¢e 0

: ((ill@w), f)) /(e mz) }]

Step 5. The quantity Iy can be replaced for N — oo by Jy defined as below,
where the terms n(n — 1) are dropped. (Simply use that [(y:, f)| < ||f ||oo and
that in the sum we can drop groups of terms as long as their number is small
compared to the power of N~! in front of the sum.)

1
([ 5 ) (3,5 )
0 E'EM(2,N) EeI2,N)
k—1
. (# > f(u)(H(Yai)af)))]
)

&),...,¢(k—1 i=1
€I(2,N)

1 1 1
Iy {zf(u)fw)(ﬁ ) Qn(du,d,,))

¢€I(2,N)

(ﬁ > ’i:f(yc(i)’ﬁ)}}-

&(1),...,E(k=2) i=1
€I(2,N)

+do

Recall
2([0,1]) = R: F(y) = ((y, /) for some f € C([0, 1])

and the formulas for the first and second derivatives of F with respect to y
(see (6.3)). Then we can continue (5.19) by
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(5.20)
+d0/1/1 (632—1:) (. v) (l D ch(du,dv))
0 Jo \9Y0,10¥,1/,, ) N i 2

) OF
=/0 c1(yeo,2(du) — yeo 1 (du)) (33’4‘0,1)0’0 )(u)

(42

0%F
" / / ( ) ’ du)d,(d
0 3yéo lay@ 1 yo ) (u 'U)yéo’l( u) ( 'U)

1 1 02F 1
~d {/0 /0 (ayfo,layfo,l)(yeo’l)(u’ v) (ﬁ Z y,:(du)yf(d'v)) } .

¢eI(2,N)

We have already proved that yg,z(t) does not vary in time intervals of length
O(B1(N)) in the limit N — oo (relation (5.3)). Furthermore we work on the
event yg{ ’z(s B2(N)) = 6 according to the assumptions of the lemma. Therefore
we can replace Jy for N — oo by:

(5.21)
1 OF
c1(0 - du ( ) u
/0 0= ve (@) Oy 1 (yeo,l)()
! 92F
+d/ (———) u, v)yz (du)o,(dv
Jo \8ye,10y0 1 - )( Ve, (du)o,(dv)
1 1 azF
—d //(———_) (u, v) Se(duyeld) | b
0{ 0 JO 6y¢o,13yfo’l (,Vgo') NCE%:N) f 3

Hence we are left with analysing the third term in (5.21).

Step 6. For the purpose of analysing the third term in (5.21) we need the be-
havior of the following expression as N — oo along the path of YN-2(¢):

5220 + ¥ / / f@f@peduyedn) =5 Y (e N

561(2 N) CGI(2,N)

By the same argument as in section 4 (proof of (4.56)), or alternatively based
on the analysis in Dawson and Greven (1993c), it can be shown that given
VE y(sP2(N)) = 6 we have

/ ( / / S BN dwyY (tﬂn(N))(dv)f(u)f(v)) dt
(5.23)

CGI 2,N)

— / Epy((x

Since T’} is the equilibrium of the Fleming-Viot process with immigration from
the source 6, generated by Ly ; (see section 0(d),(iii)), we have the equations
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(equilibrium condition—for details see proof of Lemma 6.1)

By 9= (14 2) "y (10,02 + Sote, )

5.24
- (”do)_l(" 17+ RIS, gy
Co ’ l+do/Co ’ )

From (5.21)—(5.24) we obtain

T ~
/0 [En.202n o (KnF) (0 dtem,m) ~ Lo FO )] (SBa(N) + tr(N)) dt

1 1 32F
= _ u,v
/o /0 0yeo 10Ye0 y (. v)

( 50)])

: {do [yg% 1(SBa(N) + 1By (N))(du)3u(dv)

-(% > yc(Sﬂz(N)+tﬂn(N))(du)yf(Sﬂz(N)+tﬂ1(N))(dU))]

¢€I(2,N)

Cod
co+do

[yeo 1(8B2(N) + tB1(N))(du)du(dv)
— Yoo 1(SB2(N) + t1(N))(du)yeo

* (sB2(N) + tﬂx(N))(dv)l } dt

—0 as N — oo.
This completes the proof of (5.15).

Proof of (5.6). Consider a new system where, in (5.1), y: ; is replaced by
0*>1(s) and c, is set equal to 0. The law of this new system will converge
according to Lemma 4.1 to 9, , as ¢t — oo. Hence if we can show that
Y¥:2(sBy(N) — L(N)B1(N)) and the new system are close for L(N) — oo but
L(N) = o(N) we are done. The latter can be obtained from (5.5) and (5.29).
We have proved (5.6) and completed the proof of Proposition 5.1.

Again as at the end of section 4, namely in 4(e) we can generalize the results
to a system ?’N »2 which is obtained by adding the perturbation

WE = Y B [

Sl ,17/10,11 3yc3y¢

E=(&,8), y=(), €€{0,..., N-1}%,
to the generator ZN,Z in (5.1) where B(N) are bounded operators on C([0, 1]?).

Corollary. Assume that ||B(N)|| — 0 as N — co. Then the assertions of Propo-
sition 5.1 also hold for the perturbed process (YV-2(t)).

(b) Finite ¢-level models (£ = 3, 4, ...). The purpose of this subsection is to
investigate general £-level models based on the knowledge of two level models.

(u, v)Qy(du, dv),
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These are still finite systems. We define the process (YN:4(1));>0 on the state

space (Z([0, 1)HMEM, M, N) = {0, 1, — 1}¢, via the martingale
problem (Ly ,, un), deﬁned as follows. We wnte y € (Z([0, 1])MEN) in
the form y = (Ve)eeme, vy, &= (&1, ..., &) Let
(5.25)
7 OFY) (5 izt
Ly, (F)(y) [ ( ~ior e, i(du) — ye(du))

EEM(L,N) 8y5 Nt

9°F
[ 580 a]

noop
=11 /0 ooy, fan € C0, 11), n €N, &) € M(Z, N).
i=1

Denote by

1 .
Y= R Z Verz>  EEMEN), 1<j<t.
.&=0
Then we get the followmg multiple space-time scale result, using the definitions
from section 0(d) for the stationary process (Z%%(1))>0.

Proposition 5.2. Let j, ke {0,1,...,¢}. For j<k:

(5.26) ZL((Ve k(EN?))ier+) adl O(y,=6)
and
(5.27) L (e, (INiers) = L(Z"(D)eere),

where (Z‘ )s>0 Solves the martingale problem in (5.4) with d, replaced by d, .
Moreover, if k <{, s(N)— oo and s(N)/N -0 as N — oo, then

(5.27) Z (e k(s(N)N*))er+) = Th.

For 0<k<j<¢:
(5.28) Z((ye, k(st + tNK))ier+) Nadl L(Z%S (1)) er+) with

Z(0r(s) = [ u’ Lky (s)(d6), 0‘(3) is independent of the evo-
lution and v(s) = Z(Z{) for s € R* and u’ Lk s as defined
in0(d). O

Proof. The proof of (5.26) is exactly the same argument as in the proof of (5.3).

The relation (5.27) follows from relation (5.28) in the same fashion as in the
proof of relation (5.4).

The relation (5.28) is proved by induction over k, starting with k =
which was treated in subsection 5(a). The induction step is very similar to the
argument there in which the level (k — 1) systems now play the role played by
the level 1 systems in the proof of (5.4). However if k > 2, then the second
order term is a perturbed Fleming-Viot operator with a perturbation (due to the
level (k — 1) approximation) that disappears in the N — oo limit. The proof
involves using an analogue of the corollary formulated at the end of subsection
5(a). We omit the details here.
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Corollary 5.2. Let s(N) be a sequence with s(N) — oo but s(N)/N — 0 as
N — oo. Then (5.28) can be modified to give

cygy KON+ N ew) = FUZHE Dhen)
(5.28 with Z(6;) = lim Z(6;(s)) = k.

Proof. Here one observes first that 1"’5 is the equilibrium measure of the process
Zk:9(1). Since the latter process is ergodic, we have in fact that .Z(Z*-9())
converges as ¢t — oo to 1"’5 . Since we proved in section 4(c) that we can couple
Ve k(SN +1) and ZK-O(N.5)(¢) where we set 0,(N, s) = yz ¢(sN’) so that the
expected difference is nonincreasing in ¢, the result follows from (5.28).

(c) Approximation of infinite by finite systems. Finally we need to prove that
our infinite system (X" (7))>0 can locally be approximated by £-level systems
if we choose a level increasing with time in a suitable way. Due to homogeneity
properties it suffices in fact to compare one component. Let 0 be the element
(0,0,0,...)€Qy and &%¢ =(0, ..., 0) € N¢. Denote by

XN = (0 D)eeay,  YVHO) = 07 (Deeqo,.... -1y s

the infinite system of interacting Fleming-Viot processes, respectively the finite
£-level system, introduced in the last section. As starting measure of the finite
system use the “restriction” of the infinite initial state. (View (&, ..., &) as
an element of Q. by setting (&,...,&) < &, &_1,...,&,0,0,...).)
The key to this approximation property is coupling. By continuation (set y
equal for all ¢ with the same first £ components) of (YV-¢(¢)),cg+ , which is a
process with state space (Z([0, 1]))M©N) we obtain a process (YV:¢(1))ier+
with state space (£ ([0, 1]))** contained in (Z([0, 1]))®~ . For the state space
(Z([0, 1]))2= we can carry through the whole procedure of constructing a
coupling, which we gave in section 4(c). (Replace everywhere the index set
{0,1,...,N—1} by Q. {0, 1,...}N.) Solet us assume (YV-£(¢));5o and
(YN (1))r>0 are constructed on one probability space. Recall the definition in
(4.22) of the norm || - .

Proposition 5.3. For every { € N,

(5.29) E( sw |xf() =250l = 0.
1<Br-1(N) N—oo

Moreover the convergence is uniform in £ and 6. O

Remark. This means that for systems starting in homogeneous distributions we
can replace the infinite hierarchical system observed in time scales of order
B;i(N) orless by a (j + 1)-level system, at least in the limit N — oco.

Proof. We proceed in two steps. First we want to apply the relation (4.36) to
estimate ||x§' (5)- ﬁg" (t)]| with ¢ running through a fixed sequence ¢y . Define

A(tw) by
(5.30) Atn) = Ellxg(tw) = o (tn)]l-
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Now recall the notation from section 4(c), in particular (4.35). We have for a
constant C independent of N and s:

(5.31) h(s) < CsN~*
and therefore if ty < B, 1(N)
(5.32) A}im A(ty) = 0.

The second step is to use the martingale structure to obtain from (5.32) the
desired relation (5.29). For every f € C([0, 1]) the process

(5.33) (1) = B4 Neso

is a semimartingale where the bounded variation part is bounded almost surely
by the constant DN ‘T uniformly on the time interval [0, T]. Choose N >
No(g) such that DN~¢T < ¢/2. Then by the martingale inequality one gets

(534) P (supl(ei() = 324 (), N1 2 0/2) < SEIT) = 521D, .

t<
Suppose now f is a Lipschitz function on [0, 1]; that is, for some C; < oo
(5.35) |f(u) = f(v)| < Crlu—v]| Vu,ve0,1].
Then the right-hand side of (5.34) can be bounded by (see (4.22) for || - ||)

2 .
(5.36) = Crllxf(T) = o (DI

To complete the proof of Proposition 5.3, we insert (5.36) in (5.34), set T =
Ty = Bi—1(N) = o(N?) and then use (5.32).

(d) Extension to the spatial finite-dimensional distributions. Up to this point
we have studied the behavior of single components or averages over blocks
in various time scales. In this subsection we extend the analysis to the study
of the behavior of tuples of components, tuples of averages over blocks, etc.
These results will be needed in order to prove Theorem 0.4, which involves the
complete dependence structure of the model.

Proposition 5.4. Pick two elements {,& with d({,&) > ¢. Thenas N — o
the laws Z (Y (¢ A B—1(N))) 20l YV (0)) and Z (v} (t A Be-1(N)))i20|Y¥(0))
are asymptotically independent. Moreover this independence is uniform in the
sense: Forall K,, K, €[0, ), n€N,
(5.37)
; gesgp (ELf(XM)g(XN)YN(0)] - E(f(XM)IYN(0)E(g (XYY (0))
> Ky .Ky,n
- 0

N—oo
where X' = yY (1 A Bi_1(N)), X3 =y (t A Be—1(N)),
@k, .k,.n = {h: C([0, ), ([0, 1])) = R|A(X) = f(X(t1), ..., X(tn))
for some f, f:(2([0, 1]))" = R, Cr<Ki, ||fllo < K2}
(recall (5.35)). O

Proof. We use again the characterization of the involved process as solutions to
a martingale problem and compare with the system where ¢, = 0Vk > ¢ — 1.
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In the latter model the independence property holds by the very definition of
the process for every N . Then the result follows from Proposition 5.3.

(e) Proof of Theorems 0.2, 0.4. Theorem 0.2 will now follow by combining
Proposition 5.2 with Proposition 5.4. Namely, we check the three cases, k > j,
k =j, k < j in the assertion of Theorem 0.2 as follows:

Cases k > j, k = j: In these cases we choose ¢ > k + 1. Hence applying
Proposition 5.2 relation (5.26), respectively (5.27), for k = £, that is, a system
with £ levels, gives in combination with Proposition 5.3 the assertions.

Case k < j: Here choose ¢ > j+ 1 and then apply Corollary 5.2 (5.28) for
the £-level system to get the assertion.

In order to prove Theorem 0.4 we shall use Theorem 0.2 in combmatlon
with Proposition 5.4. For that purpose pick £ = j+1 and then use Proposition
5.4 to see that sites which are at distance at least ¢ apart will in fact evolve
independently in the time scale §;(/N) considered in the Theorem 0.4. Then
use Theorem 0.2 as follows. Given the time scale #;(N) in (0.35) we apply Case
3 of Theorem 0.2 with this same time scale but with k = 0 ; that is, we apply
Theorem 0.2 at the individual component level. Then we get the first assertion
of (0.35). The second one is obtained using the remark following Theorem 0.2.

(f) Approximation properties of the interaction chain: Proof of Theorem 0.10.
Since we now look at the system at a sequence of time points spreading apart
but which always start beyond s(N)N/, resp. a(N), we will use Theorem 0.2
to control the behavior right at these large times s(N)N/, resp. o(N). We will
then give additional arguments in order to analyse what happens at later time
points defined via 7.

(0.68) was proved in section 3 and the ground work for (0.69)—(0.71) has
already been carried out in sections 5(b) and 5(c).

Proof of (0.69). The key ingredients here are Proposition 5.2 combined with
Propositions 5.3 and 5.4. The first step is however to use the argument of the
proofs of Lemmas 4.8, 4.9 (given in (4.49)-(4.53)) to conclude that

(538) 'C/((fo,k-H‘(tﬂk—l(N)))IGR+) - 6{/\’150} s i= Oa 1 ) 2’ CRE
This proves that (recall (0.65))
(5.39) ZZ\(B) = d%.

The next step is to choose £ = j +2 in Proposition 5.3, which then tells us that

j—k
& (y?”’k‘ (s(N)Nj + z t,-Nf‘i) )
i1

j—k
_ N j AT—i
Z (xg,k (s(N)Nf + 3 4N )) V=0

i=1

(5.40)

However for the first expression we can apply Corollary 5.2 after observing that
we can write
. j_k . . .
S(N)N/ + )" 6N/~ = §'(N)N/ + t;_(N)N*,
i=1
S'(N)/JN -0, s'(N)—oo and tj_(N)—tj_.

(5.41)
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This will then give (recall (0.38))

(5.42) ZEZLND) = wpt =20, k=jj-1,...,0
The next step is to verify that
250, 250 = 26 6_), k=j.j-1,...,L

To do this we first use an argument similar to that of step 2 of the proof of
(5.5) to show that

sup (g (Sj(N) + tL(N)Br—1(N))) — (x£ (S;(N)))]
(5.43) —l<i<i
tends to O in probability as N — oo

where S;(N):=s(N)N/ — L(N)N*~!, L(N) - oo, L(N)/N -0 as N — oo,
and s(N) - oo, §(N)/N — 0 as N — oo. Then by an argument similar to
that in step 2 in the proof of (5.5) we obtain

L((F k1 (Sj(N) + (£ + LIN)N* ) |xf ( (Si(N))) = p)

= I
N—oo

(5.44)

Continuing in this way and also using (5.39) we obtain that

(5.45) LZLND, .., ZPNE) > L6, ..., 0.

N—>oo
This yields relation (0.69).

Proof of (0.70). At this point we will have to make use of some properties of
the interaction chain which will be proved later in section 6. Let A}* be the
following law on (Z([0, 1]))k+!:

(5.46) Ak =265,61,...,6010%,, = p).

Then by (6.24) we know that

(5.47) Ak = L6, 07, ..., 02162 = p) = AX*
Jj—o0

uniformly in p. Furthermore from (0.25b) and (0.44) we know that the map
(5.48) p— Aj;'k is continuous (uniformly in j!).

Next recall the definition of the time scale o(N) in (0.67) and introduce a
modified time scale A(N) (allowing for relaxation on j-levels)

(5.49)  A(N) = (6(N) — s(N)N/)*, s(N) 100, s(N)/N —0as N — co.

Now observe that we can use the Markov property of our interacting system
(XN(1))ier+ = (X£(2))ecq, together with (0.69) to conclude that

(5.50) Z(xg 0(a(N))s -, Xe ,(a(N))Ixe, ;(AN)) = p) = ALK,

and note that this convergence is uniform in p.
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Let d be a metric for the weak convergence on #(Z([0, 1])). Then by the
triangle inequality

(5.51)

d(Z(xz 0(a6(N), ..., Xz k(d(N))), AZ°"‘)
<A ([0 olo), oWl 8N = )

- P(x¢,j(A(N)) € dp), /A{w’kP(xf,j(A(N)) € d/’)D
+d ([/ AkP(xs (AN)) € dp), /A;‘D’kp(x{,,.(A(N)) c dp)D
+d ([/Ag"”‘P(xé,j(A(N)) edp), /A;"”‘]) )

To show that this is less than a given ¢ > 0, first choose j > k so that each
of the second and third terms is less than §. This can be done for the sec-
ond term by (6.24) and for the third term by (0.68) and the continuity in
p of Aj’,°’k. Finally given this j, choose N sufficiently large so that the
first term is also less than 4. This can be done by (5.50). This implies that
d(Z(xz,0(a(N), ..., Xz k(a(N))), A;°’k) — 0 as N — oo thus completing the
proof.

Proof of (0.71). Recall the definition (0.67). If we take v}’ as the initial state
of the system X7 (¢) (which gives the stationary system), then (0.71) is proved
exactly as (0.70). The only additional observation required is to note that (0.68)
and the definition (recall (0.14)) of v}’ allow us to verify that Var,,év (xe, k1) — 0

as k — oo uniformly in N.

6. ANALYSIS OF THE INTERACTION CHAIN

The main purpose of this section is to prove Theorems 0.5, 0.6 and 0.7, which
make assertions about the behavior of the interaction chains (6§),_x_;, . o as
the parameter k tends to infinity. Recall that these chains were obtained by
picking a point & and considering averages over blocks of components of the
type {€|d(&, &) <|¢|} with £ € {~k —1,..., 0} in the time scale Si(N) as
N — oo. This section is divided into three subsections dealing with Theorems
0.5, 0.6 and 0.7 respectively.

(a) The stability versus clustering dichotomy, Entrance laws. The principal
tool in this section will be an identity which we formulate and prove in 6.1
below. This will be used to prove Propositions 6.1-6.3 which will then yield
Theorem 0.5.

Lemma 6.1. Let f be a function in C([0, 1]) and denote by x, 6 elements of
2P([0, 1]), where x is a random element, 6 a constant. Then

k
(6.1) Vare,((x, f) = (Z ;1;) Ero(Vark(f)). O

n=j
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Proof. Step 1. Define a function Fy: ([0, 1]) = R by setting

(6.2) Fr(x) = (x, N2
A straightforward calculation shows
2
(63) ot =21, ), 9L =27 f ).

We shall use this to calculate Erg (Ey) which is the important term in determin-
ing E,({(x, ?). Recall (0.7) for definitions and notation. Let Iy denote
C]

the unique equilibrium of the Fleming-Viot process with immigration from the
source 0 at rate ¢ and resampling constant d . (See section 0(d),(iii).) Denote
this process by x; for the moment. Then we must have

(6.4) Er, (Fy(x)) = Er,(Fy(x0)) Vt€R*

which implies, using the characterization of the process via a martingale prob-
lem (see Lemma 4.10) and relation (6.3):

0= Er, (c(x, N[ Fa6du) - xduw)

(6.5) (0.1

+d | F) f@0)0x(du, dv)) .
[0,1] /[0, 1]

Evaluation of the terms in (6.5) gives (recall ETe(x, ) = (6, f)):

0=c(0, f)? - cEr,(x, f)* +dEr,(x, [*) —dEr,(x, f)*
= —c- Varr,((x, f)) +d - Er,(Var(f))

and consequently we have the following two useful identities:

(6.6)

Varr,((x, /1) = L Er, (Var().,

Er,(bx, 112) = (0, 1)+ LEr, (Var,(1))

Step 2. In section 2 (2.5) we calculated that

(6.7)

, . , _ cd
(6.8) Er,(d Varc(f)) =d' Varg(f) withd' = ~a
Combining this with the two relations in (6.7) yields
.1
(6'9) Varn,((x > f)) =d E Varg(f) ’
!
(6.10) Er,((x, N*) =(0, N)*+d 2 Vare(f).

In order to exploit the latter relations we now apply the definition of /4'; *J and
write

(6.11)
Eﬂk.j((x,f)z) ___/ / rle((del)r‘gl_l(doz)rék— (dX)<X, ﬂz.
o 20,1)  Jq0,1) !
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Now we successively use (6.10), (6.8) and the recursion formula for d; to get
k

(6.12) Varﬂs,,-((x, N = (Z 2,1:) dy Varg(f).

n=j
By the definition of 4, and (2.5):
(613) Euz‘o(Varx(f)) = dk Val'g(f).

Inserting (6.13) in the right-hand side of (6.12) gives the assertion of Lemma
6.1. O

Next we come to a sequence of Propositions 6.1, 6.2 and 6.3. We obtain the
convergence of u*-0 as k — oo in Propositions 6.1 and 6.2 while Proposition
6.3 studies the whole process (6%);__x_;, . o as k — oo.

We start with the case in which a is recurrent.

Proposition 6.1. If 3" c;' = +o0, then

(6.14) TARES 050 0(du) := u*% O
k—o0 [0,1]
Proof. Since f in (6.1) is bounded we can use (6.1) to estimate as follows:
k
1
(6.15) 201112 > (Z c—) E i.o(Varx(f)).
n=0 "
This implies that
(6.16) Eﬂk,o(Varx(f)) - 0
(] k—o0

and hence since f is bounded and (£ (Z([0, 1]))) is compact, we conclude

that for every weak limit point [1§°’° of {ﬂ’g’o} we have
(6.17) Ep=(Var(f)) =0 Vf e C([0, 1]).

This implies that i3 is concentrated on point measures; that is, for M =
{0u|u €[0, 1]} we know that

(6.18) B2 0(M) = 1.

But we have more information available. Since [(x, f)T%(dx) = (8, f) for
all keN:

(6.19) Eu;.o((x, M=, vfeC(o0,1]), keN.

Hence

(6.20) E,-,;o‘o((x, M=(6,rf) vfeC(o,1)).

Using (6.18) we can conclude that there exists a law Hy on [0, 1] such that
(6.21) g0 = / S5 Ho(du).

With (6.20) we obtain the following condition on Hy(-):

(6.22) 0, f) = / Hy(du)f(u) Yf € C([0, 1])
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so that
(6.23) Hy=0.

Therefore in particular jip° '0 is independent of the convergent subsequence we

choose from {u'g’o}keN.

Hence we can conclude that convergence takes place and we have proved the
Proposition 6.1.

In the case in which a is transient we prove (recall M = {J,|u € [0, 1]})

Proposition 6.2. Assume that Y c;' < oo and 6 ¢ M. Then

(6.24) ,ug’k Pt ,u§°’k uniformly in 6,
(6.25) u (M) =0,
(6.26) Eu(x, fY=4(0, f) VfeC(0,1]). O

Proof. Step 1. The first observation is that (9; )e=—j—1,..,0 is such that the
transition kernels at times —k, ..., 0 are independent of j (if j > k). Fur-
thermore 6§ — I'y is a continuous map (see (4.21)). In fact even the composition
map 6 — TkoT* 1o...0I9)(6, +) is continuous uniformly in k (compare
relation (4.23)). Therefore in order to show (6.24) it suffices to prove that é,’(
for k fixed does not change much if j — co. Since Eﬂ;,k((x, N =4, [,

this is true if the following relation holds:

(6.27) sup supVar ;.({x, )| — 0 VvfeC(O0, 1]).
0e?([0,1]) j>k o k—oo
But by (6.1)
— 1
(6.28) sup sup Var,, «((x, /) < /1% Y —
0e2(0, 1) j2k o ny 1

By the assumption ¢ ! < oo we know that the right-hand side of (6.28) tends
to 0 as k — oo which finishes the proof of (6.24).

Step 2. To see why (6.25) holds note first that by the result (0.25) on I'y we
know that

(6.29) VOEM:T)(M)=0 VjeN.

From here one can use (6.27) to get the assertions by contradiction using that
if 6 ¢ M then for every y € [0, 1] there exists an f >0, f € C([0, 1]) and
an interval (y —e¢, y +¢) with ¢ > 0 such that

O, f) = (0x, )26 >0 Vxe(y—e,y+e).

Consequently by (6.27) limy_, o (W-lim;_ ,u{,’k)(M) = 0. Then use (6.29) to
conclude ué’O(M ) = 0. (See also Dawson and Greven (1993b).) This proves
(6.25). Relation (6.26) follows immediately from the bounded convergence
theorem and (6.19). This finishes the proof of Proposition 6.2.
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Next we rephrase the previous result in terms of entrance laws. We define
the law of (62°)kcz- as the following limit:

Z (O )kez-) = Whim Z (O eer-j-1....01)

This limit exists since we have a sequence of time inhomogeneous chains with
the same transition kernels only differing by the condition é(_k,g_l = 6. Then
we argue as in the proof of {6.24) to obtain the existence of the limit above.
We prove

Proposition 6.3. (a) (9,‘3"),(62_ is a Markov chain with transition kernel K, (0, d@')
=T¥(de).

() If ! = +oo, then & ((6°)kez-) is concentrated on the paths which
are identically oy where U is distributed according to 6.

©) If Tpcp! < +oo, then Z((0°)kez-) is a martingale and 63° converges
to 8 as k— —o0. O
Proof. (a) This follows immediately from the fact that (6/)y—_;_1 .o has this
property which is given in the proof of (6.24).

(b) This follows immediately from the fact that, according to Proposition
6.1, Z(6¢°) = [ 6,6(du) and since T¥ =4,, TE(M) =0 for x g M.

(c) The martingale property follows from .the Markov property of (é}?)kez—
and Erg((x , f)) = (6, f). Finally since 6’ -1 = 6, the assertion on conver-
gence follows from (6.28) and the reverse martingale convergence theorem.

(b) The rescaled interaction chain (Proof of Theorem 0.6). The object of our
investigation is now the rescaled interaction chain (6, k))acfo0,1]- We abbreviate

(6.30) 6% = 6%, a€l0,1], keN,

We shall proceed in five steps. Steps 1-3 prove Theorem 0.6(a), and step 4 part
(b) and step 5 part (c). We shall show in step 1 how to derive the result of
Theorem 0.6(a) from the following lemmata which are proved in step 3, after
technical preparation in step 2.

Step 1. We start the analysis with the case
(6.31) a=c, folk)=(1-a)k.

Lemma 6.2. The sequence of measures {.S’((éék))aqo,l])}keN is tight in
L(D([0, 1); ([0, 1]))). O

As a second tool we prove a property of the weak limit points which char-
acterizes them uniquely. Introduce for this purpose the time change o —
log(1 — a)~!; that is, define the new process

(6.32) B =0 _exp(—ay» €0, 00).
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Lemma 6.3. Every weak limit point as k — oo of the sequence & ((79,;)&6[0,00))
has the property:
For every f e C([0, 1]) the following two processes are martin-
gales with continuous paths:

z (00)

(6.33) (B s Macto.000
+ (00) a
(@ 1= [ Varye (1) dBlocio. o O

With these two lemmas the proof is completed as follows. According to
Lemma 6.2 we can pick a convergent subsequence, and we denote the limit
by (63°)acio,1)- Applying the (invertible) time transformation of (6.32) we

. 3 (00) .
get via Lemma 6.3 a process (6, )ac0,00) Such that (6.33) holds. Since by
Lemma 4.10 the martingale problem in (6.33) has a unique solution, namely,

. . 5 (k) .
the Fleming-Viot process, we can conclude that (6, )ac[o,) converges in law
to the Fleming-Viot process on ([0, 1]), which finishes the proof of Theorem
0.6(a).

Step 2. Before we start the actual proof of Lemmas 6.2, 6.3, we prepare some
tools. First of all note that, by Lemma 6.1, for dy = 1 we have
(6.34)

k

var((8®), f)) = (Z )deare(f)

l

_ k +

= (k+ 1= |e)e™" — Varg(f) = (1 = €1/ (k + 1)) Varg(f) =
The latter equality follows from the fact that for ¢, = ¢ we can solve the
recursion formula d,,; = ¢,d,/(cn+d,) explicitly, namely d, = ¢/(c+n). The
second observation is that (F ((0,(") s /)))e=—k—1,..,0 is a submartingale for every

convex function F on R, and hence E(F ((0}“, f))) is increasing in ¢. This
allows us to represent using (6.13) the interaction chain via a Brownian motion.
(See Dawson and Greven (1993c, Lemma 5.2) for a proof.) In connection with
(6.9) we can conclude

Lemma 6.4. There exists for each k a sequence 0 < Sy < §; < 8§ <
of stopping times of a Brownian motion (W (t));>0 such that the increments
i1 — S,),eN are independent and the following relations hold for ¢ = -k, —k +

(S
1 R
(6. 35) e‘k’ f)=W(Sise),

(6.36)  E(Skses1 — Skre) = E(OY), £) = (68, )2,

(6.37)  E(Skes1 — Skrel0F = 0) = E(((0),, 1) — (0, )6 = 0)

1
= mvarg f) D
Since

m
Z— ~ (logm — logn) for n — oc,
t=n
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using (6.37) and (6.34) we can obtain that, for 8, f> € [0, 1] (B2 > B1), we
have

(6.38)  lim E(Sig - Siguk1| 01— gy = 6) = ‘%‘—B/i—‘ Varg(f) + o(B2 — B1)-
This relation will be the major tool in the proof of Lemmas 6.2, 6.3 which are
given in the next step.

Step 3. In this step we prove Lemmas 6.2 and 6.3.

Proof of Lemma 6.2. In Dawson and Greven (1993c, Lemma 5.2) it was shown
that the processes (Sigk))gep0,1j> K = 1,2, ..., are tight (one uses the in-
creasing property of (Si)ien, relation (6.38) together with properties of the
construction leading to Lemma 6.4). Therefore the processes (W (Sisx))sep0,1)
are tight since W (-) has continuous paths. We can conclude that, for every

f € C([0, 1]), the processes ((9[(,’,?}(], f))gepo,1; are tight. This implies the
tightness of the sequence of processes (él(;}c]) Be[0,1] -

Proof of Lemma 6.3. Denote by (S§°)gefo,1) @ weak limit point of (Sig1)gero, 17 -
Then (W(S§°))gero,1) is a martingale with continuous paths. This process de-
pends of course on the function f € C([0, 1]) we have chosen for the construc-
tion. We need to vary f in the sequel and therefore we write (S;°’f )Bero, 1)

for this process generating the time transformation. Next choose a set & C
C([0, 1]) which is dense and countable. For every f € %, (W(Sgo’f))ﬂe[o,u

is a martingale. Define the law of the process (9/(3‘”)) gero0,1] by setting
(6.39) {65, M =LW(ESTY) vfes.
From the relation (6.38) we now obtain
Var(W (S5 /) - w(S5)|6(=) = 0)
(6.40) B
=73

In order to obtain a time homogeneous expression we use the time transforma-
tion

,' Varg(f) +0(B2— B1),  Z(6) )-as.

(6.41) B=1-¢""
and define

3 (00) (00
(6.42) 0, =050

Using (6.39) with the new time parameter the relation (6.40) becomes

5 (00) 3 (00) z (00

Var((@y -8 NIB,, =)

5 (00)

(6.43) = Var(W(S‘I’i’e{p(—sz)) - W(Sloi;{p(—sl))|631 =0)

= (1 — exp(—(s2 — 51))) Vary(f)
> (52 — s1) Varg(f).

52
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3 (00)
Therefore the process (6; )se0,00) Satisfies
3 (00)
(6.44) ((6s , f))sef0,) is a martingale Vf € C([0, 1]),
5 (00) S
(6.45) (((es , f)2)_/ Varé(@(f)dt) is a martingale.
0 t

S€E[0, 00)

. 3 (00) . .
It is clear by (6.39) that the process (6; )sc[0,6) has continuous paths. With
the help of Lemma 4.10 then relations (6.44) and (6.45) finish the proof of
Lemma 6.3.

Finally observe that replacing ¢, = ¢ by a sequence of ¢, — ¢ does not
change the asymptotic relations we use in the proof. This completes the proof
of Theorem 0.6(a).

Step 4. It remains to prove Theorem 0.6(b), that is, consider the case where
(cx) is not asymptotically constant. Observe that the martingales (9§k) , )
£=-k-1,...,0, hit the set M = {J,|u € [0, 1]} with probability tending
to one at time ¢ = [ak] for all f € C[0,1] as k — oo if Var(§{, f)
tends to Varg(f) as k — oo, which is easily seen using Jensen’s inequality

on (ff(u)é}k)(du))z. On the other hand if Var(é}k), f) tends to O for ¢ =
[ak], the martingales remain constant with probability tending to 1 as k& —
oo . Applying these two facts we see from the formula (6.34) that we have for
nfm~ac(0,1):

. m - 0
(6.46) fast growing clusters } s (Z Ck_1> d, {m_,oo
n

slow growing clusters - 1.
m-—oo
It remains to investigate the behavior of d,, as a function of ¢;, ..., ¢, . One

proves by induction

_ do

Cl+de et

Then we conclude that we have for m/n ~ a € (0, 1) and the assumptions on

(c):

(6.47) dn+1

n n—1
fast growing clusters iff > ¢!/ ¢! -0,
(6.48) " 0

n—1

n
slow growing clusters iff ¢!/ > ¢! = 1.
m 0

This proves Theorem 0.6(b).

Step 5. Since we now have that ¢, = ¢k for ¢ < 1 we immediately get from
(6.47) that

-2 - 7l

Cp n—oo
Then by construction of the interaction chain we get that (t‘)(_j}_l +m)meN con-
verges as j — 6 to a time homogeneous Markov chain on Z([0, 1]) with

transition kernel T’ }9/ €. This proves part (c) of Theorem 0.6.
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(c) Spatial density of types: Proof of Theorem 0.7. The proof proceeds in three
steps. We start in step 1 to collect a number of properties of the kernels I' ’5
and of the paths of (9,‘;°) xez- - In steps 2, 3 we then prove part (a), respectively
part (b) of the theorem.

Step 1. Preliminaries. Throughout this section we assume that Y poqc; ' <

oo . We shall derive various properties of the process (0°°)k€z- correspondmg
to an entrance law.

We first need some facts about the random variables corresponding to the
law T%(-) (recall (0.25)) which gives the transition kernel of (6%) jez- attime

J
—k — 1. According to Theorem 0.3 we have the representation

(6.49) K=< (Z M;(SU,)
Jj=1

where (Uj)jen are i.i.d. 6-distributed and M} = ]'[’ '(1-V;) with (V, i) jen

independent Beta(l, y, Y distributed (y, = dk /ck). On the right-hand side of
(6.49) we have suppressed the k-dependence in the notation. Since our goal
is to study the “concentration” of the M;, it is useful to analyse the £2-norm
of the sequence (M) of weights and the sums Z?;’, M; . Define the random

variables T by

(6.50) T® = "(M7)?
j=1

and its moment generating function

(6.51) ®, (1) = E(exp(ATK)).

Lemma 6.5. ®,(A) satisfies the equation

(6.52) Dy (2) = / (@ (A1 - ) (1 - )% Dy du,
k) Yk

(6.53) E(TY) = 72—,

(6.54) E[(T®)?] = (7% + 67)

(14 7)1+ 2y)(1 + 3p)’

n
(6.55) (1 —ZM‘) =[[a-w). O
i=1
Proof. Write
(6.56) TR = V24 (1 - V)2[VE + VR - 1a)2 + -]
to obtain for two independent copies T*), T*) the relation

(6.57) T® = V2 + (1 - )Tk
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Taking moment generating functions in (6.57) yields (6.52). By differentiating
®(A) we obtain the expressions

k)Y — E(VP)
E(T™) = ST _1E(V12) ’
E[(T®)2] = E(V{) +2E(V?) - E(T®)

1-E((1-n)%
Substituting the moments of ¥, we obtain (6.53), (6.54). The relation (6.55)
follows immediately by induction over n from the representation of M} as
VIS (=), )

Now we come to some martingales related to (67°)kez- . In order to formu-
late the next lemma we write (9,‘3"),(@_ in the form

oo
(6.58) b =3 M"oy, with (U))jen iid. §-distributed.

j=1
This representation is possible for the following reason. Using the fact that
the kernels 1"’(; have the form given in (6.49), which gives immediately such
a representation for ((9;”)[:_,(_1 ..o - Furthermore since 9i°k is a chain with
transition kernels given by I'* | we know that the states of this chain are atomic
measures, where no new atoms appear as k varies. It remains to show that these
atoms arise from i.i.d. sampling from 6. Since we can construct for every k
(9;‘ ) with one sequence (Uj)jen of i.i.d. 6-distributed random variables in the
first time step (at —k — 1 — —k), we know from (6.28) that letting k — oo

preserves the form of the random measures forming the states of the chain §5° .
(Now recall the definitions (0.53), (0.54) for R®), M) Note that M is

nonincreasing in j whereas mk) is the mass at level k assigned to the atom
located at U; where the {U;} is the same sequence for all k.)

Lemma 6.6. For every j €N

(ﬁj(.k))kez- is a martingale with respect to the filtration

(6.59) .
generated by ((6°)kez-)-
(6.60) (R¥*))cz- is a submartingale (with respect to the filtration
' generated by ((éﬁo)kez— )) satisfying
(6.61) E(RW|R*-Dy = L Ruen g % Yk = L] O

14+ y l+?k’ '_C|k|'
Proof. We start with the following representation of ﬂ,ﬁk) which follows from
(6.49) and the fact that (é;?)kez— is a Markov chain with transition kernels

K_i(u, dv) =T%"1(dv) at time —k. For every j € N:
MY =3"1y(U)M;, {M}}ien as in (6.49) and

(6.62) i

((7,~),-eN 1.i.d. 9,‘("11-distributed, independent of { M };en.
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Consequently
(663)  EMMON0E,, 62, ...) = EGLPI62 ) = M0,

where we use the facts that {M}},ey and (l~l,~) ien are independent, that ), M}
= 1, and that from the representation (6.49) we know E(luj(ﬁi)) = 1\7}"'1)
where the expectation is taken with respect to the (U;);en. This proves (6.59).

Next we use the fact that ((ﬂ}k))z)kez- is a submartingale (cf. (6.59)) for
each j; hence the sum over j is a submartingale. Furthermore j(ﬁ}k))z =
> j(M}k))z (recall (0.53) for definitions) which gives (6.60).

The relation (6.61) follows from the calculation below:
(6.64)

ERWGF,, 62,,...) = ERW|6 ) =5 E1y,(U)1y,(Up) M; M;)
joie
where expectation is taken over ((Uy)ken » (M)ren) , which is distributed as
in (6.62). Here we again used (6.49).

i\,

rhs. (6.64) =3 (Z E[1y,(U)1y,(T)]- E[M;‘MZI)

=3 ((H}"“’V > EIM; M1+ (M) ZE[MFZI)
(6.65) ] it i

1 ~(k=1)\2 Yk

- 1+ykZ(Mf )+ 1+

J
1 Ry _Pe
1+ % 1+ 7
The last equality uses the fact that }°; E[M;?] = y,/(1 + y¢) which was shown

at the end of the proof of Lemma 2.2, and }; H}k‘” =1, >, Mr=1.

As an application of the previous lemmas we obtain the useful formula:
Lemma 6.7.

(6.66) ER® = (1 - ﬁo(l + n)") .

o=k
Proof. From the relation (6.61) we get
1 Yk+1

6.67 ERG+) =~ pRU) 4 _ Thtl
( v ) 1+ Yryr 1+ Pr1
so that we get the recursion relation (recall k € Z~!)
(6.68) ERM) = (1+ )"k+l)ER(k+l) = Yk+1-
By iteration this leads to

0
(6.69) ER® —1 = [ IT a+»)

Jj=k+1

(ERO —1).
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Since we know that, as k — —oco, ER®) tends to zero, we obtain a formula
for R© and conclude that

(6.70) ER® = (1 —i'o[o(l +w)“).

t=k
Finally we come to the path properties of (é}?")kez— .

Lemma 6.8. Assume that 3" c;' < oo
_(a) If 0 € ([0, 1)) is nonatomic or has countably many atoms, then a.s.
62° has countably many atoms and 0°°, 0°° have the same atoms for every
k,jeZ .

(b) If 8 € ([0, 1]) has exactly n atoms, then 9,30 has n atoms for every
kez . O

Proof. We first prove the second part (b). Start with the case in which 6 has
two atoms. Then by Theorem 0.5 we know that 9,‘3" attaches positive weight to
both atoms (,u§°’°(M ) =0!). To finish by reducing the case of n atoms to the
simple case of two atoms we have to use the following decomposition property
of the kernels IT'%(-) : If we divide the type space in the form YiesAi =10, 11,
AiNAj=o for i# j,and define the map A: ([0, 1]) - #(J) b

Ax){J}) = x(4))

then (A( é,3°)) jez- 1s the interaction chain for the system of interacting Fleming-
Viot processes where the components have state space J . This however follows
immediately from the duality relation in section 3(a) read for indicator func-
tions. Namely from here we can read off first that the evolution of the new
interaction system {A(xy(f))}scq, 1s a system of interacting Fleming-Viot pro-
cesses on (Z(J))* . Then the above statement about the interaction chain is
immediate.

The part (a) follows again using the above decomposition property. First of

all no atom in 9,((°°) can disappear as time progresses (recall 0.25(a)). On the
other hand we know from (6.58) that é,((°°) is atomic, which finishes the proof.
Step 2. Proof of Theorem 0.7, part (a). According to (6.60), (R*)),cz- is a

bounded submartingale. Therefore by the reverse submartingale convergence
theorem we know that

(6.71) R%) — R(=>) a5 k — —oc0, and in L,.

The proof is now by contradiction. Denote by j(k) the index of the maximal
weight in (Mj('k))jeN . Assume for the moment that P(R(~>°) > ¢) > ¢ for some
€ > 0. Then since > M ®) — 1 this implies that there exists ky such that

(6.72) PM®) > e/2)>¢/2 Yk > k.

Jj(k)
Since we know (see Proposition 6.3) that 9;§° = 0 in distribution as k£ —
—o0, therefore forany 0 <a<b<1,
> M —  0([a, b)) in probability.
j:Uj€la,b) -
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Now divide [0, 1] into a finite number of subintervals [a;, b;) with 6([a;, b;))
< &2/16. Then

(6.73) E [max ) M}k)} < ¢%/8 for all sufficiently large k.
¢ Jj:Uj€lar, by)
But (6.72) implies that

Prob (m?xZM}"’lla,,,,,)(Uj) > e/2) >e/2 Vk > ko
J
and hence

(6.74) E

max Z M}k):| > ¢%/4.
Jj: Uj€lar , be)

(6.73) and (6.74) yield a contradiction thus completing the proof that R(->) =0

a.s.

Step 3. Proof of Theorem 0.7, part (b).

Step i. Upper bound for the number of types.

It suffices to find a lower bound for Sgk ) such that for ¢ = ¢(k) the lower bound
converges to 1 in probability for suitably chosen ¢(k). To get such a lower
bound take the representation (6.62) and estimate as follows: (We suppress
the k-dependence of (f/,-)ieN and (M})ien in the notation; recall (6.49) for
definitions.)

n n n

ZM}") > ﬁj(lk) = ZZ luj(((~],~)M,-* for any {j;, ..., jn}
(675) Jj=1 =1 :l =1
Z /‘Ii}.K 5
i=1
where for the last inequality we choose U;, = (7[ for ¢=1,..., n. Therefore
we need to prove that for £(k)/c, — oo:
£(k)

7 M 1i ility.

(6.76) ; J e in probability

This we achieve as follows. Apply relation (6.55) to write the generating func-
tion of (1 -3 7_, M}):=Q, for A>y; "' as follows:

(6.77) E[(@a)'1= (E(1 - )})" = (E exp(ilog(1 — 1})))" = (‘ T+ ikj'kx)

(the last equality follows by explicit calculation from the fact that (1 — V)

is distributed as Beta(y; ', 1) since V; is Beta(l, y;')). We know that (see
(6.47))

Jj=0

-1
(6.78) yk~c|7(|‘ (do"+2cj") , ¢ — 0 as k — —oo.
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Hence the right-hand side of (6.77) converges to zero for all A > 0 provided
that n = £(k) satisfies £(k)/cp ik This proves the claim.
——00

Step ii. Lower bound for the number of types.
We need to find a sequence £(k) such that S;‘( k) converges to zero in probability

as k — —oo. It suffices to prove that E (Sl(‘(k)) converges to zero as k — —oo.
By Cauchy-Schwarz one has the inequality

e(k) e(k) 12
E(Sjw) =E (Z M,‘-"’) < (e(k))' (EZ(M}"’)Z) < (¢(k)ERW)'12,

j=1 J=1
By Lemma 6.6
(6.79)
ER® = (1 - [Ia +yk)“> = ( —exp( 2103 ”f))) 2 e
[=k e k l=k

Combining the last two relations together with (6.78) leads to

1/2 o 1/2
(6.80) E(SKu) ( k)E n) <c (e(k) Zcz‘)
’ =k

which proves the assertion.

7. FIXED POINT PROPERTIES OF INTERACTING FLEMING-VIOT PROCESSES.
UNIVERSALITY

Let Q5 and Qf be defined as in (0.57), (0.58). The objective of this section
is to prove relations (0.59)—(0.61) as well as Theorems 0.8 and 0.9

(a) Proof of (0.59)-(0.61).
Lemma 7.1. Forevery Ge€ %, FQ%(0, du, dv) satisfies:
(7.1) /l"g(dx)G(x, u, v)x(du)x(dv) < 6(du)6(dv).

Let H(O, u,v) denote the Radon-Nikodym derivative of the left-hand side with
respect to the right-hand side of (7.1). Then

(71.2)
709, du, dv) = /H(G, u, z)6(dz)6(du)d,(dv) — H(0, u, v)0(du)f(dv),
(7.3) |Hlloo < IGlloo, and

(7.4) /((x,f>>2r3 (dx) = / 0S(du, dv) f(u) f()TS“(du) + (0, /7.

Proof. Recall that l"g(dx) is the probability law of a random probability mea-
sure and since it is assumed to be a stationary measure for the martingale prob-
lem associated with LS ¢ it follows that [ uI'§(du) = 6. From this it follows
that
G(x, u, v)x(du)x(dv) =0, T§-ae. x
AxB

if 8(4) = 0 or 6(B) = 0. From this we can conclude (7.1). Given any
f € C([0, 1]?) we then have
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J[ 1w, v)7:08(6, du, av)
=//(f(u, u)—f(u,'v))/G(x, u, v)x(du)x(dv)TS(dx)
=/ (f(u, u) = f(u, v))H(O, u, v)0(du)0(dv)
= [[ £, v)0fiau, dv),

which yields (7.2). (7.3) follows immediately from the definition of H and
-

It remains to derive the relation (7.4). The proof is parallel to the proof of
equation (6.1). For every solution of the martingale problem in (2.1) in section
2, with 6(¢) = 0 and any of its versions stationary in time, we must have the
following relation (x € ([0, 1]) denotes the random element with respect to
which the expectation E is taken):

(1.5)

1 1
=c(0, f)?> — cEro.c(x, [)* + Epo.c f(u) f(v)Q%(du, dv)
(7.6) ’ & /0 /0

1 1
= (6, f)z—cErg‘c(x, f)2+/0 /O fw)f)Q] 9 (du, dv).

(For the last identity we use Fubini and the definition of QO? @ .) The last
equation results in the following formula for the second moment of (x, f):

(17) Eraclx, 2= (8, /)2 / / S )07 @(du, dv). O

Remark. Note that this formula is valid regardless of whether the underlying
martingale problem has a unique solution or a unique equilibrium.

. (b) Proof of Theorem 0.8. We prove first the second assertion of the theorem,
the pointwise convergence of % "(G) stated in (0.63). The crucial tool is the
relation (7.4) which holds for every equilibrium state of a process solving the
martingale problem in (2.1) with 6(¢) = 6. Rewrite (7.4) in terms of variances
and iterate to obtain

k k
(18)  Var((x, /) (Zc ) / / 0y D(du, dv) f(u)f(v)

Jj=0

with Fk =Fk =F o...0F(G), the k-fold composition. From this relation
we can read off first the following implication:

(1.9) ((ick_l)=oo) (ugok: 0(du)5(5u)
k=0 -

(Simply repeat the argument from the proof of Theorem 0.5, (0.43).) Inserting
(7.9) with ¢, = c € (0, oo0) into the left-hand side of (7.8) we obtain
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(7.10) //(n/c)Qg'?"(du, dv)f(u)f(v) — Varg(f) = /Qo(du, dv) f(u)f(v)

vVfe ([0, 1)), 8 € ([0, 1]).

This finishes the proof of (0.63,(i)).

The second part, (0.63(ii)), now follows from (7.4) along the lines of Baillon
et al. (1994, section 1). We refer to that paper for details.

The proof of the relation (0.62) is now easy. Without loss of generality we
can take ¢ = 1 and suppose that

(7.11) Q7 @9 = h(a)Q§ for some h : [0, 00) — [0, o0).
Then

(7.12) Q)" D =ho--oh(a)Q§

and hence according to (7.10) above

(7.13) nh o-~-oh(a)Qg N=> Q. .

This means first of all that

(7.14) nho---oh(a) N=> a* € (0, o0).
Combining (7.14) and (7.13) we get

(7.15) GO, u,v)=(a")"",

which finishes the proof of (0.62).

Proof of Theorem (0.9). Theorem 0.9 follows from Theorem 0.8 exactly along
the same lines as in Dawson and Greven (1993c, Corollary to Theorems 3, 4,
5). The modification needed is to replace the expression (1 — §) in (4.5),
respectively (5.26), (5.27) of that paper, by

//f(u 0QS(du, dv),  feC(0, 1),

and Fi, () by &, o0 F,(G)(0) where we define F(G) by the relation
f l"g"(dx)Qx = Q?(G) . We refer to the above reference for further details.

INDEX OF NOTATION
J, single atom measure at u
Z([0, 1]) = set of Borel probability measures on [0, 1]
6 = a fixed element of Z([0, 1])
6(u) = 6 (mean measure of initial state)
C([0, T], E) continuous functions from [0, 7] into E
|| -]l = supremum norm
< absolute continuity of measures
Qy = hierarchical group
& =(0,0,0,...)€Qn

%fl(u) = varlational derivative

% = probability law
P, = atomic probability measures



INTERACTING FLEMING-VIOT PROCESSES 2359

Bi(N) = Nk time scales

T'%(-) = level k equilibrium measure
z0k
z)*
u{,"k = multistep transition probabilities for interaction chain

d; = diffusion constants

Xe k=N T ae enen X

Beta(a, b) = beta probability distribution with parameters a, b
GEM(a) = Griffiths-Engen-McCloskey distribution with parameter a
Z = integers

N={1,2,3,...}

Zz-={0,-1,-2,-3,...}

Z+*r={0,1,2,...}

ol = [CseeSds, a> -1

fa(k) = cluster scales

{cx} = sequence of multilevel migration rates

Ox,(du, dv), Qg(du, dv) (Section 0(g))

Z,%,% (Section 0(g))

F ((7.8))

ME RO 5H) ((0.54),(0.55))

M={3,Juelo, 1]}

w-lim = weak limit

= weak convergence

level k measure-valued diffusion
level k stationary measure-valued diffusion in equilibrium
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